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ABSTRACT
Indentation processes in PMMA are examined in order to test 
the theory developed by Puttick, Smith and Miller (1977). Ball, 
cone and wedge indenters of various configurations are considered 
and the effect of loading rate is also considered.
For ball and cone indenters the effect of friction is found 
to be most important and corrections are made for this. By use of 
fractography and other methods values are assigned to the c/a ratio 
for various conditions. The values are found to be between 1.8 and .
2.0 for ball indenters and 1.5 and 1.6 for cone indenters. Using 
these c/a ratios the theoretical predictions of indentation pressures 
are shown to be in close agreement with the experimental results for 
the test conditions used.
For wedge indenters the model is of limited use due to changes 
in deformation mode with wedge angle.
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NOMENCLATURE
h.m
max
core/cavity radius, (mm) 
plastic-elastic boundary radius, (mm)
diameter of residual orientation in ball indentation. (mm) 
engineering strain 
penetration of indenter. (mm)
penetration error introduced by cone truncation. (mm) 
inaccurate depth of penetration introduced by cone truncation, 
internal pressure necessary to expand a spherical cavity in 
a material, (MN/m2) 
time. (s)
total time for cavity expansion.
D
E
F • 
G(t)
H
J(t)
P
PM
PCORR
MEAS
p; f. c.
diameter of ball indenter. (mm)
Young's modulus. (MN/m2) 
frictional stress. (MN/m2) 
stress relaxation modulus. (MN/m2)
depth below surface of centre of best-fit circle for anomalous 
zone. (mm)
creep compliance. (MN/m2)
hydrostatic pressure. (MN/m2) ,
mean pressure, generic term. (MN/m2) 
friction corrected mean pressure. (MN/m2) 
uncorrected mean pressure.
pressure corrected for shank friction in Stage 3 cone 
penetration. (MN/m2)
(mm)
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P f_ , • - pressure corrected for shank friction and conical head
friction in Stage 3 cone penetration. (MN/m2)
R - radius of best-fit circle for anomalous zone. (mm)
T - specimen thickness. (mm)
V - penetration rate.
W - load. (kg)
Y - yield stress. (MN/m2)
- yield stress in uniaxial compression. (MN/m2)
a - semi-angle of cone or wedge indenter. (degrees)
$ - contact angle of indenter, (radians)
y shear strain rate, (s-1)
e - true strain
e - true strain rate. (s-1)
y - co-efficient of friction.
u - Poisson’s ratio,
o'- - normal stress. (MN/m2)
t ~ shear yield stress. (MN/m2)
t q -) shear yield stress in pure shear. (MN/m2)
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CHAPTER 1 INTRODUCTION AND THEORY
1.1 General Outline and Objectives of the Research
In 1973, as a result of research work undertaken at R.A.E., 
Farnborough, Professor K.E. Puttick became interested in the problem of 
indentation and associated fracture in glassy polymers, in particular in 
poly(methyl methacrylate) (PMMA). Initially a paper on the qualitative 
aspects of this problem was published (Puttick 1973) and later a paper 
interpreting the quantitative aspects of indentation pressure and 
fracture patterns using simple plastic/elastic models of the strain field 
(Puttick, Smith and Miller 1977, hereafter PSM). In late 1975 the author 
joined Professor Puttick as a research student working on the problem 
of plastic/elastic indentation and this thesis is the outcome of that 
research.
The indentation hardness test for ductile materials has long been 
established as a rapid and non-destructive quality control test. In the 
treatment and manufacture of metal products this is probably the most 
common test applied. For brittle materials the Mohs scratch hardness test 
is used to rapidly characterize the material. However for many materials 
the elastic and plastic deformations during indentation are of comparable 
magnitude and the conventional indentation tests are no longer valid. The 
growing usage of polymers, most of which fall into the plastic/elastic 
category, creates a need for an understanding of the deformation processes 
involved in plastic/elastic indentation. Hopefully the understanding of 
such processes will enable the introduction of realistic indentation hard­
ness tests for quality control and development of polymers as it has in the 
past for ductile metals.
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PSM proposed that, if the sensitivity of the yield stress in 
PMMA to the strain rate and hydrostatic pressure is included in the 
relevant equations, hall indentation of PMMA can he modelled hy the 
expansion of a spherical cavity under internal pressure. The basic 
aims of the research are related to this theory and are
i) To verify the predictions of the model with respect to ball 
diameter and penetration rates.
ii) To investigate the assumptions made about the deformation 
pattern and processes.
iii) To investigate and extend the applicability of the theory to 
other indenter configurations.
1.2 Indentation Hardness - Practical Review
In 1822 Mohs drew up a hardness scale for minerals which was based 
on scratching of one mineral by another. The numbers ran from 1 to 10, 
which represented talc and diamond respectively. Some 80 years later 
Brinell (1900) noted a correlation between the residual indentation of a 
spherical indenter and the tensile strength of steels produced in the 
foundry where he was employed. It was here that the indentation hardness 
test first began to be used as a quality control tool.
In the 80 years since then the hardness test has become the most 
widely used quality control test of raw and manufactured materials.
Despite its popularity, however, the test is the most misunderstood of 
all material tests with few of the people involved in specifying materials 
having a clear conception of what is really meant by hardness. This is 
because "hardness" per se is not a material property but is a composite
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of the elastic and, to a greater extent, the plastic properties of the 
material. During indentation the Young's Modulus, yield point, tensile 
strength and work hardening response all play important parts in the end 
' result of the test. The hardness is only meaningful when quoted in 
conjunction with information on the load, its application method, duration 
of application and the geometry of the indenter used.
Before discussing the methods used to measure hardness, therefore, 
it is prudent to define the quantity we are attempting to measure. One 
of the best definitions is "hardness is a measure of the resistance to 
permanent deformation or damage" (Ashby 1952).
1.2.1 The,Brine 11 Test and Meyer’s Law
In the standard Brinell test a spherical indenter of diameter "D" 
is pressed into the material by a load "W" and the diameter, "d" of the 
residual impression is measured at several points. The Brinell hardness of 
the material is then defined by
WJJ _
B Curved area of indentation
The disadvantages of the Brinell test centre mainly on the use of the curved 
area of the residual indentation to calculate the mean pressure under the 
indenter. At high loads the Brinell hardness tends to fall off because 
the surface area of the indentation increases more rapidly than the work- 
hardening of the material. Meyer (1908) showed that the correct denominator 
to give the mean pressure under the indentation was that of the projected 
area of the indentation and the Meyer hardness is defined by
 _______W___________
Projected area of indentation
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Meyer also formulated the law which bears his name and this is that 
W = adn where "a" and "n" are constants for a given material. The index 
"n" is considered as being representative of the work-hardening of the 
material, being near 2.5 for annealed and 2.0 for work-hardened materials. 
From a log-log plot of "W" versus "d" the values of "a" and "n" can be 
found and these indicate the response of the material to widely varying 
loads.
1.2.2 The Rockwell Test
In this test a minor load is applied to the indenter to create an 
initial impression, the major load is then applied via a dashpot and 
timer. O h .removal of the major load the increment in depth of the indent­
ation is recorded. The Rockwell test has several advantages in its use 
and these are.
i) The minor load tends to remove the effect of any surface 
imperfections
ii) The test is rapid and generally repeatable
iii) Operator involvement is minimal
iv) The residual indentation is small enough to make the test 
truly non-destructive. ,
However,concomitant with these advantages are several disadvantages
i) "The Rockwell test by expressing hardness as an arbitrary
number unrelated to any basic definition in fundamental units 
of mass and length and time, has given us a cheap number; and 
the very cheapness coupled with a complete absence of basic
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meaning, may eventually be its undoing" (Small 1960). There
do exist correlations between observed results and empirical
relations (Tabor 1951 and 1970). These must be determined for
each scale and material and do not obviate the fact that the
number is dimensionless.
<■ ’
ii) The multitude of scales with which measurements can be made
make interpretation and comparison of results difficult.
iii) Since the Young’s moduli of materials under test may vary
considerably the measurement of the depth of the indentation 
may also vary.
In summation the Rockwell test is useful for rapid quality control 
but as a scientific tool is extremely limited.
1.2.3 The Vickers Test
This test uses a square based diamond pyramid and was first described by 
Smith and Sandland (1925). A load of 1 to 120 kg is applied for approximately 
10 seconds and the lengths of the diagonals of the residual indentation are 
measured. The Vickers Diamond Pyramid Hardness Number (DPH) is then given 
by
ppjj _ ______  Load ______
Pyramidal area of indentation
The advantages of the Vickers test are significant and include
i) Dimensional similarity of indentations gives a hardness number 
which is relatively independent of load.
ii) The resulting indentation is small enough for the test to be
considered non-destructive and to allow its use in small areas
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i.e. case hardened areas and within single grains of a 
material.
iii) The number derived has a real physical significance,
iv) The test is relatively independent of the elastic modulus.
The above are not to be construed as making the test ideal and the
disadvantages of the test are:
i) In general surface preparation is necessary before testing,
ii) As the indentation tends to be small, care must be taken to 
measure the hardness of the bulk material and not that of 
inclusions or similar inhomogeneous regions.
iii) At light loads the indentation can be very small and errors 
in the measurement of the diagonals can be large.
The third of these has led to the introduction of the Knoop test 
which also employs a diamond indenter. In this case the indenter is the 
shape of a parallelogram with one side seven times longer than the other.
This gives a long impression which is easily measured and is useful for 
detecting orientation in the material and in testing thin coatings.
1.2.4. Other Test Methods ,
For static indentation hardness measurement there are three further 
types of indenter available: triangular pyramid, double cone and Ludwik 
cone. These indenters are used less than those described above and complicate 
the interpretation of results made by different workers.
Static indentation is not the sole method for hardness measurement 
and other methods are:
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i) Scratch tests - the Mohs test described earlier is one of
these, others are file hardness tests and tests in which 
a blunt indenter is moved over the specimen surface. The width 
of the residual groove is a measure of the hardness.
ii) Rebound tests - an indenter, such as a small steel hammer, is
dropped from a known height and the height of the rebound is 
taken as a measure of the hardness.
iii) Damping tests - a pendulum resting on the material is set
into motion with a known frequency and amplitude. The decay of
these gives a hardness value.
The above introduction is in no way comprehensive and full treatment of 
various aspects can be found in Small (1950), Lysaght and Debellis (1969), 
Mott (1956) and Tabor (1951).
1.3 Indentation Hardness of Polymers
In general the hardness tests described in §1.2 were designed for use 
with ductile metals and, to a large extent, ignore any elastic and visco­
elastic deformation present during the indentation process. For the 
indentation of polymers these must be included to achieve an understanding 
of the indentation behaviour of polymers.
Prior to discussing the indentation behaviour of polymers it is wise 
to consider some aspects of deformation processes in polymers.
1.3.1 Effect of Test Conditions
The mechanical properties of polymers are highly dependent on the 
testing conditions and can range from those of an elastic, glassy solid
to those of a viscous liquid (hence the generic term "visco-elastic11 
materials).
At low temperatures or high rate of testing a given polymer may 
behave as a brittle solid whereas at high temperatures or low rates of 
testing the same polymer may behave as a viscous liquid. This variation 
can be represented by a mechanical analogy of springs and dashpots in 
series and in parallel. Fig. 1.1 shows such a model with the various 
regions of behaviour marked. Consideration of such a model allows quali­
tative description of the response of a polymer to simple loading cycles.
If a constant stress aQ is applied to a polymer then the result is 
a creep test. The response of the model to two loading programmes of this 
type is shown in Fig. 1.2(a). The creep compliance can then be defined by
j (t) = jj + j 2 + j 3
where. J , and J 3 are the compliances of Sections 1, 2, and 3 of the 
model respectively. The creep compliance can be plotted as a function of 
time to show the transition from glassy behaviour to that of viscous flow 
at constant temperature (See Fig. 1.2(b)). The behaviour of the model can 
thus be related to a basic time parameter (called the retardation time T 1) 
and the value of this parameter at the test conditions determines the 
response of the model. .
In an analogous manner a constant strain "e" can be applied and the 
variation in stress g(t) plotted. This is the stress relaxation test and 
linear behaviour allows the definition of a stress relaxation modulus
G(t) =--2l£i 
e
which can also be plotted as a function of time, Fig. 1.2(c).
Section 1
Glassy , e las t ic  region Low tem pera tu re  
mode
Intermediate
te m p e ra tu re
mode
S ec t ion  2
V isco -e la s t ic
region
Sect ion  3
Newton ian f low High tem pera tu re  
mode
i
Figure 1.1 Mechanical model of modes of polymer deformation.
07
2e
2e
Figure 1.2a) Response of model to creep loading.
Glassy Visco elast ic , Rubbery Flow
Figure 1.2b) Creep compliance J(t) as a function of time (Ward 1971)
Glassy i Visco
1
1
e la s t ic  Rubbery Flow.
log G(t )
1
i
d y n e /c m ^ 1
1
. 1
^ — -f
i ■ i 
. .. . i i
s
Figure 1.2c) Stress-relaxation modulus as a function of time (Ward 1971)
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The time parameter in this case is the relaxation time (T). For both 
cases the temperature has been assumed constant but time-temperature 
equivalence is applicable to the behaviour of polymers and an increase 
'in temperature can be regarded simply as an increase in time scale.
In a real polymer the response is not as simple as the model would 
indicate (i.e. a single relaxation or retardation time) and there need 
to be many elements in parallel or in series to accurately represent the 
behaviour. This leads to the concept of relaxation and retardation time 
spectra for real polymers to account for all phases of their behaviour.
The above discussion shows how a given polymer can show a range of 
mechanical.properties as the temperature or rate of testing is changed.
Fig. 1.3(a) shows the variation in stress-strain behaviour of PMMA as 
the temperature is varied. For low temperatures PMMA fails as a brittle 
material and as the temperature is increased it fails.in a ductile manner, 
cold draws and finally behaves like a rubber (for temperatures greater than
T the glass transition temperature).
8
Points to note about Fig. 1.3(a) are the significant changes in yield 
stress and yield strain with temperature and also the distinct non-linearity 
of the stress-strain curve. In the context of such behaviour it is not 
surprising that the yield stress of polymers is sensitive to temperature and 
strain rate.
Bowden (1970) has collected data on the strain rate dependence of the 
yield stress in PIMA at 22°C and 70°C. The results are from five different 
workers using different types of PMMA and a variety of test methods. While 
there are variations in the values obtained for the yield stresses (attributed 
to test methods), all show a regular increase in yield stress with increasing 
strain rate at 22°C. In a similar comparison there is a regular decrease in
Figure 1.3a Change in yield behaviour of PMMA with temperature
( Andrews 1968 )
20 °C 
■3.0 °CStress
0*10
Stra in
Figure 1.3b Change in yield behaviour of PMMA with hydrostatic 
pressure ( Rabinowitz et al 1970 )
Shear
s t re s s
( M N / m 2 )
160r
P = 700 MN/rrr
P = 541 MN/m/
P = 371 MN/m?120
P = 278 MN/m?100
P= 170 MN/m
P= 54 MN/m-:
P = 1 atm
Shear s t ra in
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the yield stress for an increase in temperature.
Rabinowitz et al. (1970) tested tubes of PMMA in simple shear under
hydrostatic pressure and found that the yield stress is also related to 
the hydrostatic pressure. For PMMA their results show that the shear yield 
stress "t" is linearly related to the hydrostatic pressure by
r = T q + 0.204 P
where t q is the yield stress in pure shear.
P is the hydrostatic pressure.
A summary of these results to show the effect of hydrostatic pressure is 
given in Fig. 1.3(b) for various values of P.
The definition of polymer properties is thus a difficult task for
the following reasons:
i) The stress-strain curve is distinctly non-linear and involves 
large yield strains. Conventional approximations of the curve 
are thus not appropriate.
ii) The yield stress of the polymer (however defined) is dependent 
on temperature, strain rate and hydrostatic pressure.
iii) The assumption of incompressibility (and assignment of u <= 0.5) 
is not necessarily valid for polymers, in particular when large 
hydrostatic pressures are involved.
The above discussion is not intended to review the mechanical properties 
of polymers but merely to highlight some important aspects of polymer 
behaviour during indentation. For fuller treatment the works of Ritchie 
(1965) / Haward (1973) and Ward (1971) are recommended.
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1.3.2 Hardness Testing of Polymers
The methods currently used for the hardness testing of polymers are 
basically those used for metals with-minor.alterations.. For example the 
Brinell, Vickers, Knoop and Rockwell tests are all used for polymer 
testing and these are usually modified to give a constant time of applicat­
ion of load. In all cases there are problems involving creep and recovery 
of the residual indentation before measurement. Details of changes to the 
test methods used are to be found in Livingston (1967). Using these methods 
Boor (1944) made a detailed study of the hardness of polymers with emphasis 
on the time dependency of the response, Livingstone has attempted to inter­
pret this type of data in terms of a combination of "modulus-related" and 
"resilience-related" numbers. This empirical approach may have some validity 
but it does not really attack the problems of hardness testing in polymers.
In the past, when polymers were becoming established as engineering 
materials, many designers and producers treated polymers as though they were 
merely a new type of metal. This failure to understand the properties and 
response of polymers to time and temperature led to bad design procedures 
and the term "plastic" became synonymous with cheap and nasty. New design 
procedures, which include the effects of time and temperature (as discussed 
in §1.3.1), have led to more efficient and reliable use of polymers as 
engineering materials. In an analogous manner it is doubtful if test 
procedures developed for metals are wholly applicable to polymers and the 
development of new test procedures is of great importance.
Two types of test designed specifically for polymers are described 
by Grodzinski (1953 and 1954). The TNO hardness tester was developed 
and produced by TNO Verf. Instituut, Delft, Holland and this test uses 
capacitive measurement to determine the depth of the indentation. The
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indenter is a sapphire polished in the form of a Vickers diamond 
pyramid and the load can be applied incrementally without vibration.
In testing the progress of the indenter can be observed on a micro- 
ammeter and depth measurements made in this way are reasonably repro­
ducible. This hardness tester can be used to plot the displacement of the 
indenter as a function of time after loading or unloading.
The other test described by Grodzinski is that developed by 
Industrial Distributors (Sales), Ltd. and this uses a pneumatic instrument 
to measure the penetration of a diamond indenter (Grodzinski states that 
this should be a double cone indenter). By use of sliding weight on a lever, 
various loads can be applied and can be kept constant or regularly increased. 
This hardness tester can be used to plot the displacement of the indenter 
during the loading/unloading cycle and also at constant load.
These two tests attempt to include the time dependency of polymer 
response to externally applied stress but make no attempt to provide a 
theoretical basis for this treatment.
Ainbinder and Loginova (1971) have considered ball indentation of a 
polymer and the effect of the hydrostatic pressure. They used dead-weight 
loading at 25°C for various ball diameters and measured the size of the 
residual indentation (see §2.1.3 for a discussion of this topic). This has 
resulted in two hardness values - the "true” hardness (author’s italics) is 
the Meyer hardness calculated from the residual indentation and the "measured" 
hardness is that calculated from the in-situ indentation size. They have 
also calculated a hardness from the experimentally measured penetration 
depths on the assumption that the deformation was purely elastic. The first 
deviation of this curve from that of the true hardness is defined as the
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beginning of forced-elastic deformation (plastic deformation). By 
considering the effect of hydrostatic pressure on the shear yield behaviour 
(the relation is of the form x = xQ + 0.22P for PMMA. cf. Rabinowitz et al.
' (1970) in §1.3.1) of an elastic plane indented by a sphere they obtain 
reasonable correlation of experimental and theoretical results. They 
conclude that when plastic deformation begins below a ball indenter the 
average stress on the contact area is close to the compressive yield stress 
and greater than the tensile yield stress.
Bednarz (1970) used a specially developed hardness testing device 
in order to qualitatively measure the orientation of polystyrene injection 
mouldings. It was found that the indentation response of the polymer was 
dependent on the orientation. More recently Bowman and Bevis (1977) have 
reviewed the use of microhardness tests in polymers as a method for the 
determination of microstructure. They found that the Vickers test gives 
a good correlation between microhardness and various structures and 
orientations in polymer samples.
In addition to the effects of time, temperature and hydrostatic 
pressure the value of the ratio E/Y (where E is the elastic modulus and 
Y is the yield stress) affects the indentation process. For metals E/Y 
varies between 100-1000 and the approximation of a plastic-rigid solid 
is valid, however most polymers have an E/Y value of approximately ,10.
This means that indentation of polymers will be a plastic-elastic problem 
where the classical stress field applied to rigid metals is no longer 
valid and elastic yielding of the area surrounding the indentation is more 
important.
• Many authors (Bishop et al. (1945), Marsh (1964), Johnson (1970)) 
have suggested that the stress field underneath an indenter in a plastic-
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elastic material can be modelled by the expansion of a spherical 
cavity in such a material. PSM have used such a model for polymer 
indentation but have included a refinement in that the sensitivity 
of the yield stress to the strain rate and hydrostatic pressure is 
taken into account. This is the first work which has included all 
these factors and is the basis of the present research. Prior to 
discussing this model I would like to review the previous work on the 
expansion of a cavity in a plastic-elastic material.
1.4 Indentation of Plastic-Elastic Materials
1.4.1 Basic Concepts
Bishop et al. (1945) suggested that the pressure beneath the head 
of a punch in a material could not exceed the pressure required to expand 
a spherical cavity in an infinite block of material. They conducted deep 
punching experiments and attempted to correlate a friction corrected deep- 
punching pressure with the theoretical predictions. The experimental 
results were quite close to the calculated values provided the punch was 
penetrated to at least five punch-diameters.
Dugdale (1954) used cone indenters on cold-worked metals and noted 
some inconsistencies in his results; he suggested that at some cone angle 
the pressure at the tip of the indenter is sufficient to initiate flow 
inwards into the body of the material. This pressure was thought to be 
some fraction of the pressure required to expand a spherical cavity and 
does not vary greatly with cone angle. Inward flow does not occur until 
this fraction is reached, which is not until a higher cone angle for 
rigid-plastic materials. The inconsistencies were resolved by considering 
that the lower indentation pressures were due to plastic-elastic effects
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and could be related to the curvature of the stress-strain diagram.
This was the first suggestion of the importance of plastic-elastic 
effects in the indentation process.
Samuels and Mulhearn (1957), using 70:30 brass observed that the 
deformation patterns below Brinell and Vickers indenters were similar 
at comparable indentations. In both cases the strain boundary pattern 
(as revealed by strain sensitive etchants) did not show the cutting and 
flow mechanism predicted by plasticity theory.(see Hill et al. (1947) and 
Grunzweig et al. (1953)). Instead a "compression mechanism of indentation" 
was observed with the strain boundaries being hemispherical in form and 
centred at or just below the indenter tip. Mulhearn (1959) extended this 
treatment and considered conical and pyramidal indenters with an apex 
semi-angle of 68°. By various methods he proved that the deformation was 
not consistent with the cutting mechanism but was consistent with a radial 
compression mechanism. He also found that the deformation pattern for 
blunt indenters was independent of the indenter geometry. He concluded 
that "The differences in deformation pattern which do occur are restricted 
to regions close to the indenter. It is probable that, in these regions, 
large deformations occur in restricted areas to form a cap of dead metal 
which approximates to a hemisphere centred near the point of first contact. 
Outside this cap, the irregularities of strain are rapidly smoothed out and 
an approximately uniform radial strain is produced".
Marsh (1964) suggested that the simple indentation theory broke down 
because of the large elastic strains present in glass indentations and that 
for highly elastic materials there existed an energetically more favourable 
mode of deformation. From Samuel and Mulhearn’s work he suggested that 
this alternative mode would resemble the expansion of a spherical cavity
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in a plastic-elastic solid by an internal pressure "p". Hill (1950) 
analyzed this problem and found that p was a function of the Young's 
modulus (E) and the yield stress (Y) according to the relation
where C and K are constants no longer equal to 2/3 as there is less 
constraint around a hemispherical cavity.
Tests of Vickers hardness on many materials of varying Y/E enabled 
a plot of p/Y versus B In Z to be made. This is shown in Fig. 1.4. For
and the best-fit values of C and K are 0.28 and 0.60 respectively. In
E/Y > 150 the theory of indentation by a flat rigid die is valid and 
p/Y is independent of E/Y and is approximately equal to 3. It should 
be noted that Marsh assumed the cavity was fully developed for all 
penetrations and types of indentations. Evidence in this thesis shows 
that this assumption is not valid and that the size and shape of the cavity 
are dependent on the penetration of the particular indenter (See §3.2 and
Marsh rewrote this to the form
(1)
where B and Z are functions of Y, E and v.
This led to the similar equation for indentation of
-  = C + K B In Z (2)
E/Y < 150 the prediction made by the expansion of a cavity seems valid.
this region the value of p/Y is dependent on the value of E/Y. For
§4.2.2).
Indenta t ion  b y a
© ©/
P/Y
Expansion 
o f  c a v i t y
0-5
72 63 4 5
Figure 1.4 Results of Marsh (1964) for materials of varying E/Y
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Elast ic
Expansion of 
c y l in d r ica l  
c a v i t y120
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semi -a n g le
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E la s t i c -p la s t i c
In ( E/ Y)
Figure 1.5 Hirst and Howse’s (1969) division of deformation mechanis 
in wedge indentation.
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1,4.2 Effect of Indenter Geometry
Hirst and Howse (1969) considered the indentation of materials of 
varying E/Y with wedges of varying semi-angles. Their results indicate 
that for wedges the deformation mode is sensitive not only to the E/Y 
value but also to the indenter geometry. They found that for blunt 
wedges or very elastic materials the appropriate model was that of 
indentation of an elastic solid by a wedge (Region 1 in Fig. 1.5). For 
sharper wedges and elastic materials the model is that of expansion of a 
semi-cylindrical, cavity (Region 2), analogous to the expansion of a 
spherical cavity for conventional indenters. For acute wedges or materials 
of low elasticity the plastic-rigid solid model applies (Region 3). For 
acute wedges and highly elastic materials there is a complex plastic- 
elastic deformation dissimilar to any other (Region 4).
Johnson (1970) investigated the effect of indenter geometry for 
various indenters. For blunt wedges the angle 3 (where 3 is the inclination 
of the wedge face to the surface of the solid) is a measure of the intensity 
of strain associated with the deformation. Thus the indentation pressure 
is a function of both E/Y and 3> Johnson proposed that the function was 
of the form (E/Y) tan 3, which can be interpreted as the ratio of strain 
imposed by the indenter to the yield strain of the material. For spherical 
indenters and shallow indentations the parameter reduces to E(d/D)/Y and 
the strain changes in direct proportion to "a”, the contact circle diameter.
The equations for the expansion of the semi-cylindrical or spherical cavity 
were extended to account for this by ensuring compatibility between the volume 
of material displaced by the indenter and the volumetric expansion of the 
cavity.
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The cavity itself was replaced by a semi-cylindrical or hemispherical
This model is shown in Fig. 1.6. For a conical or pyramidal indenter this 
analysis gives Eqn. (2) in the form
This correlation gives reasonable agreement with the observed contact 
pressures for all types of indenter. The theory is strictly relevant only 
for blunt indenters and shallow indentations but does correlate well up 
to 3 = 30°. For sharper indenters the deformation mode is different and 
the theory is no longer valid.
Studman et al. (1977) noted that Johnson’s prediction for conical, 
spherical and pyramidal indenters was less than the experimental results by 
an approximately constant amount up to pressures where fully plastic 
behaviour occurs. They suggested several modifications to the theory and 
these were
i) Johnson assumed that the core was under uniform hydrostatic
the core which is not physically reasonable. Studman et al. 
propose that this fault may be overcome if it assumed that the 
core is a region in which the stresses change from purely 
hydrostatic just under the indenter to values which satisfy the 
Von Mises yield criterion at the core boundary.
itcore" of radius "a" within which there was assumed to exist a hydrostatic
pressure "p"* The plastic-elastic boundary has a radius "c", where c > a.
(3)
p E
and y  can be plotted versus y  tan 3 to predict indentation pressures.
pressure, this leads to a step-discontinuity at the boundary of
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Core
Plas t ic
E la s t ic
Figure 1.6 Model of an indentation ( after Johnson 1970 )
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ii) For spherical indenters tan 3 increases with indentation and
the ratios c/a and dc/da are not constant. This gives a first- 
order differential equation for c/a instead of a simple relation, 
The solution for c/a thus involves a constant of integration, 
if this is small then there is an addition of - 0.2 in Eqn. 3 
f for materials of v = 0.5. When the constant is not small i.e. 
a rigid indenter, the value can be found from the size of the 
contact circle at first yield and is approximately 0.5. Studman 
et al. state that this will be important for (E tan 3)/Y < 10.
The modified equation obtained from these considerations is.
£  - J = 0 . 5 + 4 1 + In
E tan 3
3Y
where J = 0.2 for spherical indenters and zero for others.
This can then be compared with the experimental results and 
the agreement is very good up to (E tan 3)/Y = 80.
1.4.3 The PSM Theory for Polymers
In the model of the expanding cavity discussed above it has been 
assumed that the yield stress has a value independent of other variables. 
As discussed in §1.3.1 and §1,3.2 the yield stress in polymers is . 
sensitive to temperature, time and hydrostatic pressure. It is the effect 
of these variables on the indentation of plastic-elastic solids that the 
PSM theory seeks to explain.
\
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In order to use the plastic-elastic model the mechanical properties
of PMMA must be compared with those of the ideal plastic-elastic solid.
PSM have solved this by assigning an "effective yield strain" (Y/E) which 
appears constant over the test conditions. They do not assign a value to 
E but assume only that such a value can be defined in principle. The value 
of Y is taken to be equal to the local maximum of the true s,tress-strain 
curve, and this is sensitive to the time rate of strain (e) and hydrostatic 
pressure i.e. Y(e,P). This representation of polymer properties and a 
typical stress-strain curve is shown in Fig. 1.7.
Y/E; H
T ru e  
s t r e s s
cr
Y(e ,P )
True s t ra in  £ 
F ig u re  1*7
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To determine the variation of Y with e and P they have used the 
work of Duckett et al. (1970), Bowden and Raha (1970) and Rabinowitz et 
al. (1970), and combined them to give
t = 3.88 In y + 0.2 P + 78.25 MN/m2
where t = shear yield stress
Y = shear strain rate.
Using a .modified Tresca criterion of critical maximum shear stress where 
o = 2t and c = \ y the relation becomes
o = 7.75 In e + 0.4 P + 161 MN/m2 .
The equations for the expansion of the spherical cavity are then solved 
for a yield stress of the form
Y = Y Q + B In e + DP,
where B, D and Y ' are constants.
The e value required is that of the radial strain (e- ) and this is found from 
the compressibility equation and the assumption that at one radius pene­
tration the cavity expansion rate is constant and equal to the penetration 
rate. The resulting equation for the cavity expansion is shown below.
2D/
P = D Y + B(0.385 - In t )0 max7
2D/
9B(D+1)
D(D+3)
(D+l)
In
3(D+1) |c 
D+3 a
3B(D+l)
(D+l)
- 1
2D2
- f '2d V d -
1 -
c
a
(4)
where YQ , B and D are constants for the particular polymer as defined above.
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These are 150, 7.75 and 0.4 respectively for PMMA (see above) and
final cavity size 
t =  ---------:—  -----  .
max penetration rate
From this relation and measured indentation pressures a tentative value 
of 2.9 was assigned to c/a to enable comparison with the crack pattern.
The stress in the surface of the PMMA was modelled by the expansion 
of a circular hole in a plate, see Hill (1950), again using a yield stress 
which is a function of strain rate and hydrostatic pressure. In this 
manner a conjectural map of the stress field contours round an indentation 
could be built up for the interior and surface stresses. It was found 
that the map thus produced correlates well with the size and shape of 
observed radial cracks.
This is the model of indentation in polymers on which the present 
thesis is based and it is hoped that the development of the theory will 
allow its application to many facets of the behaviour of plastic-elastic 
materials. At present the same type of model is being used for orientation 
studies, fracture studies and an examination of a generalized size effect 
in ductile-brittle transitions.
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CHAPTER 2 EXPERIMENTAL METHODS
2.1 Ceneral Conditions
2.1.1 Temperature
All tests were carried out at room temperature. From daily 
recordings over a period of 150 days this was found to be 19.5 ± 0.9°C 
(Sample size - 300 readings).
2.1.2 Test Equipment
All mechanical testing was carried out on an Instron Tensile Testing 
Machine (Metric Floor Model TT-PM).
Penetration measurements were made with a Paytronic LVDT linked 
to a Daytronic amplifier and displayed on a Bryans X-Y Plotter - Model 
2100.
Optical measurements were made on a Wild microscope and photographs 
taken using the same microscope.
2.1.3 Penetration Measurement
For the measurement of indentation size there are two fundamentally 
different methods:
i) Measurement of the residual indentation by optical methods to 
give the diameter
ii) Measurement of the indenter penetration and conversion to an. 
in-situ diameter.
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Errors in the measurement of residual indentations are in the 
region of ± 1% and chart recordings give the applied load to ± 0.5%. 
These can then be used to determine a mean pressure under the indenter 
‘which is correct to ± 2%. However this is a false pressure (despite 
the small error involved) as the load (W) is never applied over the 
measured indentation diameter (d). In the case of metals where the 
ratio of elastic to plastic deformation is smaller this concept of 
residual indentation size has some validity. For polymers such as 
PMMA the elastic and plastic deformations for a given indentation depth 
can be of the same magnitude i.e. elastoplastic deformation, and a 
substantial contraction of the indentation takes {lace on removal of 
the load. .In PMMA this contraction can be up to 23% of the diameter, 
this of course decreases as the indentation becomes deeper and the 
ratio of plastic to elastic deformation becomes larger. It is also 
important to note that the elastic contraction is not uniform around 
the surface of the indentation as the base of the indentation contracts 
more than the diameter. This gives a residual cavity which is approxi­
mately a segment of a sphere with a radius greater than that of the
indenter used. This is illustrated in Fig. 2.1 which shows the relative
sizes of the residual and in-situ indentations for the 2.5 mm ball,
Oil mm/min series of tests. Graph 2.1 shows the relation between 
and d/D/^ SITU ^or ^n<^ enter sizes and penetration rates.. The
linearity of this plot shows that it is possible to predict the size of 
the recovered cavity from.the in-situ size.
Measurement of the downward travel of the indenter can be made in
two independent ways:
Figure  2-1 Com par ison  of In -s i tu  and
Residua l Inde n ta t io n ,
Residua
!n-situ
15a
15 Q
15 15
Scale - x 25
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i) From the chart recorder which is driven at a fixed ratio with 
respect to the cross-head movement
ii) From an LVDT mounted on the cross-head.
Both methods were used and the results for the 2.5 mm ball, 0.1 mm/min 
series are shown in Graph 2.2. The errors in each method are comparable - 
approximately 1% for each - but the former is used because of the ease 
of operation. From the depth the diameter and also mean pressure under­
neath the indenter can be determined at any stage of the process.
Ainbinder and Loginova (1971) defined the "true" hardness as the 
Meyer hardness calculated from the residual indentation and the "measured" 
hardness as the Meyer hardness calculated from penetration depth (authors 
italics). From their results the true hardness is greater than the 
measured hardness by a factor of 2 at low loads and 1.3 at typical 
measurement loads.
On the basis of hardness as "the resistance to permanent de.formation" 
and a desire to compare the results with those obtained for metals this 
approach has some validity. Notwithstanding this it is still true that 
the load was never applied over the measured residual indentation diameter. 
Rather than neglect the contribution of the elastic deformation (as can be 
done in metals) in this case it is desirable to include them. This will 
give a true value of the pressure required to indent the material and 
thus a true hardness. This hardness will be somewhat different in definition 
to that of metals and this is necessary because of the plastic-elastic 
nature of the material.
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In addition to the calculation of pressure there are also t\-7o 
ways of representing the progress of the indentation. Traditionally d/D 
has been used and does provide advantages in the verification of Meyer's 
‘Law and in comparison with Brine 11 tests on metals. As penetration 
approaches or exceeds one radius the use of d/D no longer -allows suitable 
modelling of the system and is thus not an appropriate parameter for most 
of the tests conducted. The parameter 2h/D retains its validity for values 
greater than one, thereby enabling it to be used for analysis of deep 
punching tests. Thus as a dimensionless parameter it will be used for most 
ball indentations and all other indenter types. The difficulty in the 
use of 2h/D arises from the need to determine the point at which the load 
is first applied, although this can be alleviated by using a high chart 
speed.
2.1.4 Specimen Preparation
Unless otherwise indicated specimens were cut from a single sample 
of ICI Standard Grade Perspex sheet. The direction of cutting of the 
specimen was marked in the hope of delineating any orientation effects but 
no evidence was seen to justify this precaution. This is consistent with 
what would be expected from an amorphous cast polymer such as PMMA.
The specimens were then polished with emery paper and finally with
a diamond paste to give a mirror finish. To reduce the possibility of
residual stresses (from both the casting process and machining) the
specimens were annealed for 3 days at 65°C. Photoelastic examination of
the samples showed little evidence of any residual stresses. The variation
of P.. is plotted in Graph 2.3 vs d/D/TTTOTTAT for 2 samples, one annealed 
M VISUAL
and one as supplied by the manufacturer. The graph shows the existence of 
a plateau region at P - 400 MN/m2. The two samples show little significant
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difference although the data points for the undried sample appear to 
be slightly lower than those for the dried sample. As water tends to 
act as a plasticizer in PMMA this result is to be expected. In order 
to keep testing similar to that which would be performed in industrial 
situations the practice of annealing was discontinued with no significant 
loss in test accuracy.
2.1.5 Specimen Size
Unless otherwise stated all tests were carried out on 8 cm x 8 cm 
x 2.54 cm blocks of PMMA. From previous work (Puttick 1973) the stress 
field around the indentation is of considerable size and it was thought 
that interaction of the stress field and the free surfaces could have 
some effect on the results. To quantify this effect a series of tests 
using the same size indenter but different thicknesses of specimen was 
conducted. Blocks of PMMA were machined down to smaller thicknesses and 
annealed at 65°C for 3 days to remove any residual machining stresses. The 
blocks used had thicknesses of 1", f,f, and J" and the ball used was
This gave D/T fahere x is specimen thickness) ratios of 0.125, 0.166, 0.250 
and 0.500 respectively. It is important to note that the ball diameter 
must be kept constant to keep the strain rate under the indenter constant.
The results of this series of tests are given in Graph 2.4, the general 
trend is a lowering of the indentation pressure. However.for D/T greater than 
0.17 this effect is no longer marked. As a consequence of this, care should, 
be taken in the analysis of results to avoid any deleterious effects due 
to interaction of the stress field and the free surfaces.
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2.1.6 Lubrication of Indenters
Circumferential cracks in the contact area beneath the indenter 
were found to be quite a common phenomenon. These were thought to be 
caused by frictional forces, to prevent their formation the indenters 
were lubricated. Tests were conducted using graphite paste, PTFE and 
no lubrication at all under continuous and initial lubrication conditions.
No discernible differences were found in the pressure/penetration response 
and so initial lubrication with graphite powder was used to remove this 
friction cracking to some extent.
For the cone indenter tests the indenters were being used for deep 
punching apd the lubrication was discontinued for two reasons:
i) Friction cracking was not present in the same proportions as 
in the spherical case.
ii) Any lubricant placed on the punch was scoured away soon after 
entry and it was not possible to remove the punch for re­
lubrication. The lubricant was thus omitted to avoid a 
change from lubricated to unlubricated penetration.
2.1.7 Rep roducibili ty
While most of the tests performed were reproducible there were some 
tests which showed highly suspect results. Hillig (1975) made hardness 
measurements on a grid in PMMA and found that the hardness readings were 
bimodal, with a variation taking place on a scale of 2 mm. He was not 
sure as to the cause of this "knot" in the material or as to its distribution, 
but expressed the view that variations in the force-indentation response 
should be expected in measurements on commercial material. This was found
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to be the case with the tests conducted on the test material but these 
variations were never sufficient to cause complete rejection of the 
result.
2,2 Ball Indentation Tests
The indenters used were commercially produced ball bearings of 
standard diameters, they were held in position by a hardened silver steel 
platen to eliminate damage to the testing fixtures and to ensure accurate 
placement on the specimen. The indenter was moved at a fixed rate into 
the specimen until a given load or penetration was reached. At this stage 
the load was removed at the same rate as it had been applied. The maximum 
load was npt held for any time interval.
2.2.1 Effect of Cross-Head Speed
For these tests a ball of 2.5 mm diameter and cross-head speedsof 
0.1, 1.0, 10.0 and 100 mm/min were used. The results of the 100 mm/min 
tests were discarded due to excessive error components. The use of the 
other speeds allows a two decade variation in cross-head speed, which is 
considered;sufficient to delineate the effect of this parameter.
2.2.2 Effect of Ball Diameter
For these tests a cross-head speed of 1 mm/min and ball diameters of 
10, 8, 6, 5 and 2.5 mm were used. Some later tests were carried out 
using Imperial size indenters but these are noted. Since the D/T ratio 
is large for the 10 mm and 8 mm sizes these results should be treated 
with care.
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2.3 Cone Indentation Tests
The design of the conical indenters used \^ as similar to that of 
Bishop, Hill and Mott• ( 1 9 4 5 ) The two sizes of punch were hardened silver 
steel 4 ran and 8 mm in diameter. Both sizes had conical heads with semi­
angles of 20°, 30° and 60° (± \70 in all cases). The 4 mm diameter
punches had a cut-back of 0.1 mm on the shank and all had a base of
25.4 mm diameter to provide stability, self-centring and accurate 
positioning. It was hoped that the cut-back shank would eliminate the 
frictional forces on the shank but later testing showed that this was 
not so.
2.3.1 4 mgi Diameter Cones
Testing was carried out at cross-head speeds of 0.1, 1.0 and 
10.0 mm/min for all cone semi-angles to determine the effect of cone angle 
and cross-head speed on the deep-punching properties of PMMA. The 
specimens used were prepared in the same manner as those for ball indent­
ation and it is considered that the low value of D/T (0.157) did not lead to 
any edge effects until the punch was almost totally through the material.
2.3.2 8 mm Diameter Cones
To investigate any. size effect for conical indenters PMMA sheet 2"
thick and larger specimens were used for the 8 mm diameter cones. As for
4 mm cones the testing was carried out at 0.1, 1.0 and 10.0 mm/min for all 
cone angles (with the exception of the 30°, 10.0 mm/min test).
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2.4 Wedge Indentation Tests
Hardened silver steel wedges of 4 mm thickness and 38 mm length 
with semi-angles of 20°, 30° and 60° (± \7* in all cases) were used for 
wedge tests. The wedges did not have cut back sides but did have bases 
of 25.4 mm wide to give stability. To determine the edge effects at 
the ends of the wedge two series of tests were carried out:
i) "Open” Wedge Tests - in this case the ends of the wedge were
extended over the sides of the specimen - width of specimen was 
33 mm
ii) "Closed" Wedge Tests - in this case the ends of the wedge were 
surrounded by PMMA — width of specimen was 50 mm.
For both the conditions tests were carried out at cross-head speeds 
of 0.1, 1.0 and 10.0 mm/min for all cone angles.
2.5 Photographic Techniques
PMMA was chosen as a model material because of the obvious advantage 
of its transparency, a characteristic which enabled observations otherwise 
impossible. One of the most difficult operations was the photography of 
any particular phenomenon, a very slight change in lighting conditions could 
serve to highlight or diminish a feature and it is often impossible to show 
all the desired features on one photograph.
In order to measure the size of the zone of anomalous refractive 
index under the indenter and to chart the growth of this zone a series of 
photographs were taken during typical loading cycles. This was done by 
mounting a grid behind the specimen and photographing this during the 
loading cycle. These tests were conducted for ball, cone and wedge and were
continued until specimen fractured or until film was exhausted.
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CHAPTER 3 BALL INDENTATION
3.1 Friction Calculations
Most investigations into the indentation behaviour of materials 
have either used indenters with a very low co-efficient of friction on 
the material being indented or tried to correct for indenter-material 
friction by other methods. Some have in fact ignored the subject of 
frictional forces on the indenter. Whilst at low loads or small 
penetrations this approach may be acceptable, at high loads and deep 
penetrations the frictional forces are bound to play an important part 
in the indentation process.
Bishop, Hill and Mott (1945) rotated cones during indentation in 
an effort to estimate the effect of friction. This rotation serves to 
make the frictional force act at approximately 90° to the direction of 
the punch movement. From this they assumed that any difference between 
the pressures generated during rotation and normal indentation was due to 
friction. The error involved in this procedure is not given and the
authors stated that they were unable to even estimate it. For a cone of
20° semi-angle they found the frictional force to be 45 tons/in2 and the
measured penetration pressure was 130 tons/in2 giving a friction corrected 
pressure of 85 tons/in2. This means that the frictional forces accounted 
for some 35% of the total pressure measured. Similar results for 30° and 
60° semi-angle cones give frictional forces accounting for 23% and 8% of 
the pressure respectively. These results alone suggest that if frictional 
effects are ignored, it can only be at the expense of the validity of the 
subsequent results.
- 43 -
Atkins and Tabor (1965) have discussed the necessity for correction 
during cone indentation but concluded that as the friction between 
diamond and metal was generally small (y = 0.1 ^ 0.15 for static friction 
with clean surfaces) the effect could be neglected for their experiments.
Hankins (.1925) has approached the problem by trying to calculate 
the load component due to friction and then subtracting this from the 
measured load to give a friction corrected load.
The expanding cavity model of Johnson (1970) postulates the existence 
of a core of material under hydrostatic pressure which surrounds the 
indenter. The reaction of this compressed material will be normal to the 
surface of.the indenter and results in a frictional force which must be 
overcome before indentation can continue. The value of this can be found
from the following derivation (After Hankins)
By equilibrium
where F = frictional force tangential to ball surface, 
y = dynamic co-efficient of friction.
0 = angle subtended between centre of ball and contact circle.
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Fy, Py - vertical components of F and p respectively
The integral is to be evaluated over the surface of the ball which is 
in contact with the PMMA* This assumes that the cavity expansion pressure 
and the frictional force can be added vectorially
W = [p.cos 0 + F sin 0].dS
2ttR2p
J 0
cos v sin
y sm"
d0
- 7rR2p[sin20 + y(0-sin 0 cos 0)]
= pfiTr2 + 7rR2y (0-sin 0 cos 0) ]
p = Cavity expansion pressure
W
7rr2+TrR2y (0-sin0cos0)
(5)
Hankins referred to the value "p" as the '‘corrected contact pressure", 
however in view of the fact that this is the pressure necessary for expansion 
of the spherical cavity then it is more fitting in this instance to refer to 
it as the "cavity expansion pressure". ■ . •
By obtaining a value for "y" between steel and PMMA it is then 
possible to correct for the effect of friction in the experimental results. 
In Hankins’ work the value of y was found from the difference of the results 
for two tests i.e. the value used was that which made the results equal. 
This was in fact cross-checked to give consistent results but it is still
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derived from the difference of two large numbers, a procedure which
can involve large error components. In the treatment of the following
results the co-efficient of friction was taken from two sources: Weast
(1975) and Roff and Scott (1971) and applied to the results. Both give
PTv™*u t /i between PMMA and mild steel to be 0.4-0.5 and the mean value of DYNAMIC
0.45 will be used. In this way, despite the possibility of some error 
.in the value of y, there is not the problem of justifying the derivation of 
,y. The major assumption made in using this value of y is that the value 
taken for y remains constant from that determined at low pressures to the 
conditions of high pressures at test loads.
The correction for friction can be applied at all points along the
graph of load vs penetration and this is shown in Graph 3.1. The uncorrected
curve is shown, as is the corrected curve for various values of y. From
this it can be seen that the correction gives a flat curve which can be
regarded as the mean pressure for punching under the given conditions.
When the mean pressure (P ) is quoted in any of the sections below it
LU KK
should be assumed that this is derived from the correction as shown above 
with a y = 0.45, In cases where this is not so it will be noted as
MEAS
In all cases the generic term P^ refers to the Meyer hardness in MN/m2 .
3.2 Measurement of the Position "of the Plastic^Elastac Boundary
The theory derived by Puttick, Smith and Miller (1977) for the 
calculation of the pressure necessary to indent PMMA with a ball has one 
critical variable in it which cannot be measured directly. This is the 
ratio c/a, where ,;cM is the radius of the plastic-elastic boundary and ”aw 
is the radius of the indenting sphere. In PSM the plateau region of P^ 
vs d/D/yxsuAL was ta^en as t i^e Pressure necessary to expand the cavity and
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from the relation between P., and c/a a tentative value of 2.9 wasM
assigned to c/a.
As has already been explained (Section 2.1.3) the use of ^/^/yjgu^L 
to describe the indentation size in PMMA has drawbacks due to the sub­
stantial elastic recovery which takes place on unloading and also its 
inability to model deep-punching experiments. Another factor is that 
the P^ values used were not in any way corrected for the effect of 
friction.
It is possible to use the equation presented in Section 3.1 to 
correct for friction to give a p Cq r r  and to plot this versus 2h/D. This type 
of treatment then gives alternative values for P^ and thus c/a. However 
this result is still circumstantial and it would be preferable to actually
measure the value of "c".
PSM have noted the rather striking zone of anomalous refractive index 
underneath the indenter and the fact that this zone appears to be the region 
of flow in which all the principal stresses are compressive. If the 
boundary of this zone is measured then it should be possible to relate this 
to the plastic-elastic boundary. Photographs were taken of the growth of 
this zone during indentation (see §2.5) and the growth of the anomalous 
zone recorded. Plate 1 shows a typical photograph from which the radius of 
the anomalous zone was determined. The measurements of the zone size were 
made by noting the point of first distortion in the image of the grid 
behind the specimen. It is important to note that the boundary thus 
defined is that of the image of the optical distortion and not necessarily 
a boundary of any given strain in the material - although the error 
involved in this process is thought to be small. From a series of such
photographs Figure 3.1 was produced to show the growth for a 5 mm ball,
- 48 -
Plate 1 Optical d is to r t ion  under a loaded
ball indent er.
-Development of anomalous zone.
• ©
5) R = 5-66 H = 0 8 8
13) R = 6-3A H = 2-42
©
<o
21) R = 6-37 H = 3-50 29) R = 6-37 H = 4-89
All  R and H v a lu e s  are mm 
D = 5mm , V = 1*0 m m /m in
S c a le : x 5
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10 mm/min test. This shows the first distortion points, a best-fit
circle for the points and the outline of the indenter. The value
"R" is the radius of the best-fit circle and the value "H" the position
of the centre from the surface. Complete sequences of photographs used
for this procedure are available for inspection if desired. Table 3.1
shows values of R, H and for the case of Figure 3.1.
LUKK
Table 3.1 Development of Anomalous Zone
Frame 2h/D PC0RR R H
5 0.225 213.3 5.66 0.88
13 0.492 . 233.3 6.34 2.42
21 0.759 237.4 6.37 3.50
29 1.025 243.9 6.37 4.89
3.1 shows that the centre of the best-f:
at some distance below the centre of the indentation. This is similar to 
the results of Samuels and Mulhearn (1957) who noted for their "compression 
mechanism of indentation" that the strain boundaries were hemispherical 
in form and centred at or just below the indenter tip. Johnson's (1970) 
model places the centre of the plastic-elastic boundary at the surface and 
the present results indicate that this is not so. This suggests the 
formation of a dead zone under hydrostatic pressure which is a cap of 
unyielded material below the indenter.
From Table 3,1 and Figure 3.1 it can be seen that the zone is well 
developed for a very small penetration and is almost fully developed for 
2h/D - 0.5. Reference to Graph 3.1 shows that the friction corrected
- 51 -
pressure tends to level off at 2h/D - 0.5 thereby providing further 
evidence of the validity of the friction correction.
Having determined the size of the anomalous zone for this case it 
is still necessary to relate this to the real value of "c". The path of 
a crack will be such that its tip follows the path of maximum strain 
energy release rate - which in this case possibly lies outside the plastic-^ 
elastic boundary. In the case of the specimen for which Table 3.1 was 
compiled fracture occurred soon after one radius penetration and a crack 
was present at the time of the final anomalous zone measurements. The 
boundary of this crack and the anomalous zone have been plotted and super­
imposed in Figure 3.2. From this it is clear that the tip of the crack 
tends to follow the outline of the anomalous zone for both the initial 
and final stages of propagation. It is thus likely that the radius of 
the anomalous zone is slightly greater than "c", the radius of the plastic 
elastic boundary.
For the 2.5 mm ball, 1.0 mm/min test the mean value of Pqqj^  was 
found for all points with 2h/D > 0.5 (i.e. the cavity is almost fully 
developed),and this gives Pq q r r = 237 MN/m . Using the amended PSM theory 
(see footnote) the pressure required to inflate the cavity is given by:
In the original PSM theory it was assumed that the cavity of radius 
"a" had been expanded from a spherical hole of radius aQ = 2a/7T but in the light 
of experimental evidence this has been amended slightly. The new derivation 
assumes that aQ = 0 and the cavity is formed from this.' The alteration 
involves only a small change (+ 2%) in the final result but makes the over­
all derivation more consistent with experimental evidence.
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PM = 2.5[160 + 7.75(0.693 - In t )] M max7
0.57
1.23
c
- 1
cl
k. J
- 71.8
0.57
In -  - 101.72
a
1 -
0.57
(6)
This function is plotted in Graph 3.2 for versus c/a at various values
of t (representing different penetration rates). Using the relevant max °
penetration rate and the PCq RR above, c/a is found to be 1.9. This is a 
considerable variation from the original PSM value of 2.9 and the variation 
is due to the friction correction and the use of more appropriate pressures.
From PSM and Hill (1950) the value of c/a is x^holly dependent on the
value of Y/E. The value of this "effective yield strain" is sensibly
constant over a wide range of strain rates and thus c/a should also be 
constant over the same range. The value of "c" at this stage for the 5 mm,
10 mm/min test is known to be slighly less than 6.4 mm (see Table 1) so 
if the value of "a" is identified with that of the indenter (i.e. 2.5 mm) the 
c/a ratio is found to be somewhat'less than 2.6. Conversely if c/a is taken 
to be 1.9 then the derived value of "a" is less than 3.5 mm. Johnson (1970) 
postulates the existence of a core of material under the influence of pure 
hydrostatic pressure which encases the surface of the indenter. This core 
could then be considered to act as a pseudo-indenter with a radius "a’",
where in this case "a'" is less than 3.5 mm.
It has been observed that after fracture of a specimen there exists 
an area of material directly beneath the Indenter which tends to bulge out 
from the surface. It is proposed that this area is the core of Johnson's, 
model i.e. the region which is under compressive stresses changing from 
pure hydrostatic pressure near the indenter to values which enable the
‘| t-heor y
1-Omm/min10*0mm/min
0-1 mm/min
(M N / m ?
3*53*01*9 2-0 c /a
- 55 -
yield Criterion to be satisfied (according to the modifications of 
Studman et al. 1977). Outside the core there is a region where the 
principal stresses are still compressive but the yield criterion is 
satisfied. The boundary of the bulged-out area is well defined and 
was measured with a microscope and micrometer stage. This area is 
also shown in Figure 3.2 and it can be seen that the inner boundary of the 
crack lies roughly coincident with this. This suggests that the crack 
has propagated into an area of compressive stress but this is not 
impossible if the strain energy over the whole crack surface is considered.
The pseudo-indenter or core will exist close to the indenter and 
inside the boundary of the compressive region mentioned above and will 
thus have a radius slightly less than that of the bulged-out region. As 
noted above the plastic-elastic boundary also exists close to the boundary 
of the anomalous zone and the value of c/a may then be approximated by 
considering the ratio
Anomalous zone radius ru 6.4 
Bulged area radius ^ 3 . 4
This gives a tentative value to the c/a ratio of approximately 1.9.
The above analysis can be effectively summarized as stating that
(1) Friction corrected values of P.. enable determination of c/a values.
M
(2) The c/a value can also be approximated by consideration of the 
fracture pattern underneath the indenter.
(3) The c/a values determined by both methods are in the range 1.8 to 2.0.
- 56 -
3.2.1 Comparison of Theory Predictions and Experimental Results
Graph 3.3 shows a comparison of the results generated by considering 
various c/a values. The c/a value was fixed for the final stages of the 
indentation and the rate of growth of "c" was assumed to be linearly 
related to the rate of growth of the anomalous zone. The value of "a" 
was assumed constant throughout the indentation. The predicted mean 
pressure according to the amended PSM theory was then calculated for the 
value of c/a at various stages of the penetration. The close agreement 
between the plot of an<3 the curve for c/a = 1.8 at all stages of
penetration is evident and is further proof that the c/a value applicable for 
indentation of PMMA with ball indenters is between 1.8 and 1.9.
3.3 Effect of Penetration Pate
3.3.1 Theoretical Predictions
The theory of indentation in glassy polymers as given in PSM predicts 
that the pressure needed to expand a spherical cavity in PMMA is given by 
Equation 6. For a constant c/a this reduces to
P.. = A - B In tM max
where - A and B are functions of c/a and the mechanical properties of the 
polymer <
~ tInax i-s a function describing the time rate of expansion of the 
cavity i.e.
tmax
-1
1 > dc 
c dt
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in practical terms tmax can be approximated by
final cavity size 
rate of expansion
For the tests in this section the ball size was constant and the 
equation can be further reduced to the form
PM = A' + B' In V . (7)
where : A' and B 1 are functions of c/a and "a".
A problem arises in the decision of which "a" value to use in the 
above relation. If the real indenter size is used i.e. "a" then this 
may introduce errors as the effective or pseudo-indenter (a1) is larger 
than this (see Section 3.2). For the case discussed above the a and a ? 
values are 2.5 mm and approximately 3.5 mm respectively, this gives a 
value of 1.4 to the ratio a'/a, Assuming that this ratio a ’/a remains 
constant then the values for a and a1 in this series of tests are:
a = 1,25 mm
a 1 = 1.8 mm
If numerical values are substituted into Equation 3 above then the values 
are
i) a = 1.25, c/a = 1.90
’ Px, r 294.73 + 14.98 In V.
M
ii) a’ = 1.8, c/a = 1.90
P„ = 289.44 + 14.98 In V .M
t = 4max V
- 59 -
Thus the effect of increasing "a" by a factor of 1*42 is a translational
movement of the predicted result by - 2%.
In view of this result it was decided that the real value "a"
should be used for two reasons.
i) It is a directly measurable quantity and does not depend on 
the assumption that the ratio a*/a remains constant for all 
tests.
ii) The error induced by using "a" is quite small and predictable.
3.3.2 Experimental Results
The variation of mean pressure developed under the indenter with 
cross-head speed can be illustrated in two ways as described in Section 
2.1.3. The first method is to measure d/*VyigpAL from the residual 
indentation and then calculate , this variation is shown in Graph 3.4 
for the range of cross-head speeds used. The curves all show a plateau 
region for 0.6 < ^/^/yjguAL “ curv^ being moved upward for
an increase in cross-head speed and downward for a decrease. For values
of d / D / y ^ g > 0.9 the curves all show a rapid increase in the pressure 
developed but this is considered to be due to the failure of ^/D/v i s u ^l 
to accurately model.the indentation as the penetration approaches one 
radius. It is also true that at d/D/yxsUAL = PM must have a finite
value and thus the curve should be extended to this region. However, it
is not possible to represent this region as experimental difficulties 
with visual observation of the indentation size make any measurement taken 
in this region extremely unreliable.
The representation of penetration by use of 2h/D and calculating a 
from this value is shown in Graph 3.5, There is a rise of pressure
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developed under the indenter for a given 2h/D as the cross-head speed 
rises and for 2h/D > 0.5 the plots are reasonably linear. This is 
not unexpected since for 2h/D =0.5, the d/D/^ SITU va^ue aPProxi“ 
mately 0.9 at which point the cavity is almost fully developed (see 
Section 3.2). Any further rise in pressure can then be regarded as 
having two sources:
i) Creation of the spherical cavity regime under the indenter as 
it travels into the material. This source could be regarded 
as sensibly constant.
ii) Frictional forces on the surface of the punch. These can be 
corrected for by Equation 5 and this has been applied for 
y = 0.45 as shown on the graph.
The friction corrected results in Graph 3.5 are flat and linear for 
2h/D > 0 . 5  and show an increase for increasing cross-head speeds.
The mean value of all p ^q RR for 0.5 < 2h/D < 1.0 was found for 
each cross-head speed and is plotted in Graph 3.6 versus cross-head
speed. Also shown on this graph are the theoretical predictions for
various c/a ratios. It can be seen that the experimental results show 
a good correlation for c/a ratios in the region 1.8 to 2.0. The data
used for this plot is given in Table 3.2 below. .
3.3.3 Discussion
Although Graph 3.4 of versus d/D/yjsuAL has several defects as 
discussed, there is still a valid reason for its inclusion. If a hardness 
test similar to the Brinell test is desired and one accepts hardness as
VJI upn Q-u n  eu im eu  unu c x p e n m e n iu i  rces.LLL.l-b.
c/a  = 2*0
c/a -  1-9, co r rec ted  
fo r  E /Y  v a r ia t i o n
c/a = 1*8
Exper im enta l  r e s u l t s
v ( mm/min )
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• Table 3.2 Mean Pressure versus Gross-head Speed
(all P.. in MN/ra2)
M
Theoretical
Rate c/a c/a c/a Experimental
(mm/min) = 1.80 = 1.90 = 2.00 P
C0F.R
PM PM PM
0.1 186.70 199.05 210.97 210
1.0 218.80 233.56 247.82 233
10.0 250.90 268.06 284.67 254
"the resistance to permanent deformation or damage" Ashby (1952), then 
the residual indentation diameter is the parameter which is the most 
relevant. Regardless of the inaccuracy involved in the calculation of 
P^ this value is a directly comparable number to those obtained in 
metals. The fact that this number has little or no physical significance 
(cf. Rockwell Hardness Test) is not important provided it is used for 
purposes of comparison only. Inclusion of this graph allows direct 
comparison of the results presented in this thesis with those obtained 
by other researchers.
Graph 3.5 of P^ versus 2h/D is quite straightforward and has been 
described in the previous section. The only difficulty arises in the 
early stage i.e. for 2h/D £ 0.3 where the curves show a tendency to cross 
over one another with no obvious order. As described in Section 2.1.3 
one of the problems involved in using 2h/D is the determination of the 
point of first load. Any error involved in this decision decreases as
- 65 -
the penetration continues until it finally becomes insignificant. In 
the region 2h/D < 0.3 this error still forms quite a large proportion 
of the result and it is this which causes the somewhat confusing behaviour 
at small penetrations.
Graph 3.6 of the theoretical and experimental predictions shows a 
seeming anomaly, and that is that as the penetration rate and strain rate 
increase, the value of c/a seems to decrease from 2.0.to 1.8. Considerat­
ion of Appendix 1 on the effect of strain rate on E/Y and the subsequent 
changes in P clarifies this anomaly. As detailed in Appendix 1 the 
effect of the change in E/Y is to decrease the predicted value as the 
strain-rate increases. If this effect is taken into consideration the 
anomaly is resolved and the experimental curve lies almost parallel to 
the theoretical curve for c/a = 1.9.
It would seem therefore that the predictions of the model, with all 
its idealizations, are remarkably consistent with the experimental results 
for' the variation of the pressure with penetration rate.
3.4 Effect of Ball Size
3.4.1 Theoretical Predictions
In an analogous manner to that presented In 3,3.1 the PSM theory 
can be reduced to the form
PM = A" - B" In a .M
with A" and B" as for A 1 and B ’ but with different numerical values. As 
for §3.3 the true value of "a" will be used, in this case the effect of 
using "a" instead of Ma ,u will be to move any predicted curves horizontally 
to the left.
- 66 -
3.4.2 Experimental Results
As for 3.3.2, Graph 3.7 which shows .P vs shows a
plateau region for all curves for the area 0.6 < - 0.9.
As the ball diameter decreases the curve is shifted upward in the 
manner predicted by PSM. For values of d / D / ^ g ^  > 0.9 there is again 
a sharp upturn due to the breakdown of A*/v i s u a l as a m °delling 
procedure. It will be noted that the curves are not as widely separated 
as for Graph 3.4 but this is due to the fact that the values of "a" 
are not'as widely spaced.
Graph 3.8 shows P.; versus 2h/D for the and values and
M MEAS COPR
this shows all the features present on Graph 3.5 discussed in 3.3.2. The 
data points for D = 10 mm stop before the other values due to fracture of 
the specimen. It is noted that the friction correction does not seem to 
result in curves which are as flat and linear as those produced in Graph
3.5 but as yet no explanation for this phenomenon has been established.
Graph 3.9 shows the mean value of Pnn for 0.5 < 2h/D < 1.0 for
LURK
each ball size plotted versus ball size and also the theoretical predictions 
for the various c/a ratios. The experimental results show an excellent 
correlation for c/a ratios in the region 1,8 to 1.9. The data used for 
this plot is given in Table 3.3 below.
3.4.3 Discussion
The discussion on Graphs 3.7 and 3.8 is similar to that in 3.3.3 
and nothing further will be added in this section. Graph 3.9 shows that 
the experimental value of follows the theoretical values quite closely
until a value of a - 4 mm at which’stage it drops off much more rapidly 
than would be expected. Reference to Appendix 1 shows that as Ma" increase Uj
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Table 3.3 Mean Pressure versus Ball Size 
(all P in MN/m2)
Theoretical
Radius c/a c/a c/a Experimental
(mm) = 1.80 = 1.90 = 2.00
PC0RR
PM PM PM
1.25 218.80 233.55 247.82 228
2.50 209.14 223.17 236.73 216
4 202.58 216.13 229.21 206
5 199.47 212.78 225.64 191
the value of P^ predicted by the theory ought to be greater than that 
actually predicted by the theory. This then would serve to emphasize 
the discrepancy between the curves in Graph 3.9. There are two reasons 
for this problem,
i) The change in strain rate due to the experimental variation in 
ball size is not as marked as that for variation in penetration rate so
the original assumption of E/Y = constant is much more valid.
ii) Reference to Section 2.1.5 and Graph 2.4 on the variation of P^
with the D/T ratio shows that as P/T increases the value of Pw decreases
M
due to the interaction of the stress field and the free surface. The D/T 
ratios for the two points in question are 0.31 for the 4 mm ball and 0.39 
for the 5 mm ball. At this stage the relaxation at the free surface would
be sufficient to cause the observed deviation.
- 71 -
Thus although it is possible that the change in E/Y is affecting the 
result, if only to a small extent, the opposite and larger change in D/T 
ratio is the controlling factor. This is corroborated somewhat by the 
fact that the deviation for D/T = 0.39 (5 mm) is greater than the 
deviation for D/T = 0.31 (4 mm) as might be expected from the results of 
Section 2.1.
. When this is taken into consideration the predictions of the. 
theoretical model for c/a - 1.9 are consistent with the experimental 
results for the variation of ball size.
3.5 Deep Punching with Ball Indenters
The plot of P^ versus 2h/D for deep punching of ball indenters is 
given in Graph 3.10 for a 5.00 mm ball at 3 different cross-head speeds 
(as for Section 3.3), As predicted the P^ for a given 2h/D value is 
increased for an increase in penetration rate.
The initial segments of the graph are similar to those of Graph 3.5 
with the friction corrected pressure showing a clearly defined plateau 
region. Fpr 2h/D > 1 the friction corrected pressure shows an upturn 
which continues until 2h/D - 1.4 at which stage the curve levels out to 
give another plateau region. The explanation of this secondary rise is 
the recovery of the indentation onto the surface of the ball. The 
contraction of the residual indentation onto the the ball surface leads to
A d
M
T
F igure  3-3
c o n ta c t  ovei 
this segmer
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a situation as shown in Figure 3.3 and there is thus an increase in the 
frictional load until the stage where the contraction of the indentation 
is not enough to cause it to touch the surface of the indenter. This 
effect has not been included in the friction corrections due to the 
difficulty of assessing the numerical values relevant to the contraction. 
At this stage of the development of the theory it is sufficient to note 
the existence and relative magnitude of the correction necessary.
3.5.1 Effect of Penetration Rate
One confirmatory result can be obtained by finding the mean values 
for in the range 0.5 £ 2h/D 1 1.0 and plotting these as a function
of penetration rate. This is done in Graph 3.11 which also shows 
theoretical predictions for various c/a ratios. The data used to plot 
these graphs is given in Table 3.4.
Table 3.4 Mean Pressure versus Penetration Rate 
(all P^ in MN/m2)
Theoretical
V c/a c/a c/a Experimental
mm/min = 1.6 = 1.7 = 1.8
PC0RR
PM PM PM
0.1 179.46 194.58 209.13 203
1.0 206.58 224.22 241.23 218
10.0 233.70 253.86 273.34 232
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This Graph shows exactly the same features as Graph 3.6 in that 
the experimental value of c/a seems to decrease from 1.8 to 1.6 over 
the test range. For the same reasons as given in Section 3.3.3 it is 
likely that the theoretical results should be corrected for the change 
in c/a with strain rate, thereby giving a rotation of the curves and 
increasing the correlation between the theoretical and experimental 
curves. In fact although the form of the curves is remarkably consistent, 
the value of c/a determined for a 1.25 mm ball is approximately 1.9 whereas 
the c/a determined for the 5 mm ball is 1.7. This decrease is thought to 
be due to two factors
i) The increase in the value of D/T with its concomitant decrease 
in pressure developed (See Sections 3.4.3 and 2.1.5).
ii) The change in support of the ball. For the original tests
the ball was held by a platen whereas in the series of tests 
described above the ball was supported on the end of a rod 
to enable deep punching. Analysis of the contraction of the 
support bar under the loads encountered shows this to be a 
minor contribution (See Section 4.4.2) with an effect in the 
region of 2%.
3.6 Meyer's Law
The work of Meyer (See Tabor (1951)) can be used to relate the 
residual indentation to the load for given conditions. The law is of 
the form
W = kd11
where W  = load (kgf) (uncorrected for friction)
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d- = chordal diameter of residual indentation (mm) 
k = constant 
n = Meyer Index
For metals the value of n is usually between 2.0 and 2.5, being close 
to 2.5 for annealed metals and close to 2.0 for work-hardened metals.
To test the validity of this relation for PMMA "W" versus "d" was 
plotted on a log-log scale for various cross-head speeds and ball sizes. 
Two types of plot were made, one using "d^g" from the residual indent­
ation and one using from in-situ measurements.. These are shown
in Graph 3.12A and 3.12B respectively. The values of the Meyer Index and 
the intercept are given in Table 3.5 for each test.
Table 3.5 
Penetration Rate = 1.0 mm/min
. Ball
Size D = 2.5 mm D = 5 mm D = 8 mm
dvis dIN SITU dVIS dIN SITU dVIS dIN SITU
Meyer Index 2.19 3.25 2.15 3.28 2.17 3.15
Intercept 28.80 9.07 24.86 3.51 21.14 2.39
Ball. Diameter = 2.5 mm
^  Penetration 
Rate 0.1 mm/min 1.0 mm/min 10 mm/min
dVIS dIN SITU dvis dIN SITU dvis dIN SITU
Meyer Index 2.29 3.55 2.21 3.42 2.17 3.28
Intercept 22.74 6.65 28.50 8.36 32.10 10.36
From the above data and the graphs it can be seen that Meyer's Law 
holds for both "d^^g" and "d^^ g^^'representations but the index "n"
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lies within the range 2 £ n < 2,5 for the d ^ ^  representation only.
A generalized form of Meyer's Law for balls of different diameters 
Df, on a material of index "n" is
Adj11 Ad2n
W
where A is a constant such that
a • i r, n~2 _ , ' n-2
= 1 1  2 2
This is a result of Meyers findings that the index "n" is almost 
independent of "D" but that "k" decreased with increasing "D". From Table
3,5 it can be seen that "n" decreases with increasing "D" whichever type of 
sizes used but that "k" decreases with increasing "P" whichever type of 
representation is used. The values of A obtained are
A(kgf/mm2) d ^  d
IN SITU
A_ _ 34.32 28.42
2.5 mm
A_ _ 31.75 27.76
5.0 mm
A q _ 30.14 25.958.0 mm ,
and thus the generalized form of Meyer's Law fails to hold for varying 
ball sizes in PMMA.
Meyer's Law makes no predictions as to the effect of penetration 
rate as metals are comparatively insensitive to strain rate effects at 
the loading speeds used in indentation testing. For the tests conducted 
on PMMA with varying penetration rate the Meyer Index decreases with
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increasing rate and the intercept increases. In this case the generalized 
Meyer’s Law breaks down even for a constant ball size as the value of 
A increases for increasing penetration rate.
The failure of the Meyer's Law is not unexpected as this is a 
specific case of the more generalized relation
[d 
D
which can be derived from the principle of geometric similarity. For a 
strain-rate sensitive material such as PMMA the basic assumptions of 
geometric similarity i.e. yield stress not affected by strain-rate, are 
not valid and so the whole principle is invalidated. Thus while it is 
true that PMMA obeys a simple Meyer's Law W = kdn for given conditions it is 
not true for any of the further generalizations.
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CHAPTER 4 CONE INDENTATION
Abs tract
Due to the length and complexity of this chapter an abstract is 
included to provide an overview for ease of comprehension.
An analysis of the anomalous zone underneath the indenter and the 
fracture behaviour of the specimen enables a tentative assignment of a 
c/a value for cone indenters. This value is found to be similar to that 
obtained for ball indenters in Chapter 3. The basic mode of deformation 
is found to be similar for all cone angles except that the 60° and 30° 
semi-angle, cones form a dead-zone underneath the indenter. The formation 
and effect of this zone is considered.
The pressure/penetration curve is divided into 3 stages and 2 of 
these are studied in detail. The initial response is affected by 
truncation of the cone and a correction for this is introduced. The truncation 
corrected pressures are then corrected for friction by a treatment similar 
to that used in Chapter 3 and these results show reasonable agreement with 
theoretical predictions using the c/a value deduced earlier.
The deep punching stage is also considered and it is shown that 
contraction of the material onto the shank of the indenter is responsible 
for a large proportion of the load required for deep punching. An 
experimental correction is proposed for this which agrees with the 
theoretically predicted correction. The deep punching pressure results 
are larger than those for the initial indentation results but show the 
same response to the cone angle and penetration rate. The friction
- 81 -
correction is again applied and it is found that the formation of the 
dead-zone greatly affects these results. However if the dead zone is 
included the resuits are only slightly greater than those of the initial 
stage.
Finally the possibility of a size effect in cone indentation is 
investigated.
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CHAPTER 4 CONE INDENTATION
4.1 General Aspects
The load-penetration curve for cone indentation and deep punching 
of PMMA typically takes the form shown in Figure 4.1. There is 
initially a smooth rise from zero load until the head is almost fully 
immersed, at this stage the penetration takes on a stick-slip form with 
a concurrent increase in the peak load being applied to the punch.
Figure 4.1 shows the mean upper and lower bound rise with increasing penetration. 
It is proposed that this stick-slip form is due to friction on the puhch 
face (in some cases) and the shank of the punch (in all cases and despite 
the cut-back shank used).
The mean pressure (P^) under the indenter, defined by load/projected 
area of contact, can be found from the geometry of the indenter and the 
chart record which measures both load and penetration. A typical curve for 
this is shown in Figure 4.2 and can be divided into 3 stages.
Stage 1) A rise in the mean pressure to a nearly constant value as
the conical portion of the indenter enters the material.
Stage 2) After the head of the indenter is immersed in the material 
there is a rise in pressure and
Stage 3) The rise in the mean pressure becomes linear and increasing 
with respect to penetration. It is generally at this stage that the stick-slip 
type of penetration manifests itself and the pressure can be calculated by 
use of the average over 3 peaks or the average over 3 minima and plotted at
the median penetration. In Fig. 4.2 Curve A is for the peak calculation

and Curve B for the minima calculation. If the stick-slip penetration 
is due to. friction then it is possible to friction correct this data to 
give Curve C (For detailed calculations and data see Section A.5).
The three stages of this typical graph and the data which can be 
obtained from these are discussed separately below.
4.2 The Plastic-Elastic Boundary in Cone Indentation
4.2.1 Determination of c/a
In Chapter 3 it was noted that the value of c/a must be known in 
order to compare the experimental and theoretical results for ball 
indenters. In an analogous manner we require a value for c/a to compare 
the results for cone indentation. Consequently photographs were taken 
of various loading conditions for cone indentations and the size of the
anomalous zone beneath the indenter measured.
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Tests were carried out at 0.1 mm/min penetration rate for cones 
of 20° and 60° semi-angle. At this rate any crack propagating was more 
likely to be stable and the cone angles were chosen because they represent 
‘the extreme values used.
For the 0.1 mm/min, 20° test a crack was formed and grew in a stable 
manner as.the test progressed. Photographs of various stages of the crack 
growth are given in Plate 2. The growth of the crack and the anomalous 
zone underneath (and around) the indenter can be seen quite clearly. It
should be emphasized at this stage that the grid distortions measured
in such photographs are due to the optical properties of PMMA and do not 
actually represent displacements in the material. Comparison with the ball 
indenter shows that for the 20° cone the indenter is actually much further 
immersed in the anomalous zone. Also prominent is the manner in which the 
crack avoids the area immediately around the indenter. The crack shown in 
Plate 2 was actually propagating at an angle of 45° to the plane of the 
photograph and must therefore be resolved into that plane before any 
measurements can be made. Fig. 4.3 shows the crack resolved to allow 
measurements to be made, 8 profiles are shown for different stages of 
growth, with profile No. 8 having an inner and outer boundary. The profile 
of the indenter is also shown at the time of No. 8. A time scale is given 
below the figure to show the position of the indenter tip for each profile.
From the photographs it is possible to trace the outline of the anomalous 
zone at various stages and the boundary of the anomalous zone at the time of 
No. 5 has been scaled and traced onto Fig. 4.3. This stage was chosen for
the representation of the zone because,
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i) The anomalous zone size does not vary greatly during the 
propagation of the crack.
ii) For Nos, 6-*8 the outline of the crack prevents measurement 
of the anomalous zone boundary.
Examination of Figure 4.3 shows that the tip of the crack follows 
the outline of the anomalous zone for cone indentation in the same 
manner as it does for ball indentation. With ball indentation the crack 
did not penetrate inside an area underneath the indenter and after complete 
fracture this area bulged so that, it stood proud of the flat fracture 
surface. A similar area is seen during cone indentation and is represented 
by the inner profile of No. 8. All the other inner profiles are bounded by 
this area into which the stable crack does not propagate and this can be 
seen clearly on both Plate 2 and Figure 4.3.
Photographs were taken of the fracture surface (Plate 3) and there 
was a bulged area which exhibited a different fracture surface to the other 
areas (see Plate 3a). The outline of the anomalous zone, indenter and inner 
crack profile of No. 8 were scaled photographically and marked on this 
fracture surface. It can be seen (Plate 3b) that the bulged area is 
bounded by the inner crack profile of No. 8.
It is proposed, as for ball indenters that the value of c/a can be 
approximated by the ratio of the diameters of the anomalous zone outline 
and the bulged-out area. Figure 4.4 shows the anomalous zone boundary and 
the bulged-out area profile with best-fit circles drawn around them. It 
is important to note that:
Plate 3a) Fracture su r face  of 20° cone tes t
10 mm
Plate 3b) As fo r  3a) wi.th . overlay show ing.
indenter .  inner crack boundary  ( bulged out 
area) and anomalous zo ne b o u n d a r y
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F ig u re  4-4 B e s t - f i t  c i rc les
A nom a lous  zBulged area
Best f i t  c i rc les
(1) The circles have a common centre, which is approximately at the
centre of gravity of the cone section.
(2) The best-fit circles tend to be less accurate in the surface 
regions because of the hole-in-plate model being more accurate in 
this area.
If the c/a ratio is calculated the approximate value is found to 
be 1.5. A value not far removed from that deduced for the ball indenter 
of 1.8+1.9.
It is possible to carry out a similar analysis for the 0.1 mm/min,
60° test with one major alteration. For indentation with a 60° cone there
is a dead-zone of material built up in front of the indenter. This zone 
forms after complete immersion of the head of the punch and grows for
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Plate 5 q ) Fracture surface, 
nf 60° cone t e s t
Plate 5b) As for 5a) w ith
overlay sh owing, dead..^,
zone.
Plate-6_
Indenter shank
Specimen surface
Crack pro f i le
App rox im a te  posit ion 
of indenter tip
Dead - zone
Bulged a rea
10 mm
/
J k
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some time until it reaches a stable configuration, it is then carried 
forward underneath the indenter and if fracture occurs it can be ejected 
as a plug of material. The growth and transport of this dead-zone are 
shown in Plate 4 for a 10 mm/min, 60° cone.test, which was chosen because 
the photographs clearly show the zone. At fracture the opaque zone under*" 
neath the indenter was ejected as a single chip. This zone is also 
present in all the other 60° cone tests.
It is proposed that this zone is the area of the core in which the 
frictional forces due to the face of the punch are sufficient to cause 
shear of the material. Further discussion of this zone is to be found 
in §4.2.2, at this stage the dead-zone is considered to be a rigid 
extension of the indenter.
With the above qualification, an argument similar to that for the 
20° cone can be advanced. A bulged area is again formed after complete 
fracture and photographs were taken of the fracture surface and the bulged 
area (Plate 5). Plate 5b shows the fracture surface with the photographically 
scaled outlines of the anomalous zone, indenter and dead zone marked on it.
As for the * 20° cone, circles can be fitted to the anomalous zone and the 
bulged area, in this case the common centre is approximately at the centre 
of-gravity of the composite indenter (cone + dead zone). From this the 
approximate valued of c/a is found to be 1.6, a value close to that found 
for the 20° cone,
4.2,2 The Growth of the Anomalous Zone (A.Z.)
The c/a value determined in §4.2.1 is strictly only applicable for the 
stage at which the indenter is deep-punching the material since it is only 
then that fracture occurs and the size of the core can be determined.
- 94 -
There is a need to be able, at least qualitatively, to describe the 
variation of c/a at other stages of penetration and to this end it is 
proposed that McM varies linearly with the size of the anomalous zone 
'while "a" varies linearly with some indenter parameter (e.g. the contact 
circle). This proposal will allow an approximation of the behaviour of 
c/a during indentation and the resultant pressure developed underneath 
the indenter.
For both the 20° and 60° cones the best fit circle for the anomalous 
zone was found for each penetration depth and this radius is plotted 
versus penetration (to the tip of the dead-zone for the 60° cone) in Fig.
4.5 for both cases. The growth of the anomalous zone is approximately 
linear from zero to a point some distance past full head penetration after 
which point the zone remains a constant size until fracture takes place.
If "a" can be approximated by some indenter parameter then the growth of 
"a" until full head penetration would also be linear. Thus until full 
head penetration the value of c/a would be expected to be constant
(geometric similarity) and the mean pressure under the indenter would be
expected to be constant.
At the point after full head penetration where the anomalous zone 
becomes constant, it would be expected that the values of "c" and "a" would
also be constant and again there would be a constant mean pressure.. In the
region between these extremes the variation of "a" is uncertain and the 
variation of c/a cannot be approximated. •
Graph 4.1 shows versus penetration for both the 60° and 20° tests; 
the methods used to produce this are given in §4.3 and 4.5 and at this 
stage it is only presented to show the variation of with penetration.
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As suggested by the above discussion there are 3 regions in both graphs,
an initial constant section where both "c" and "a" are increasing
linearly but c/a remains constant, a section just after full head pene- 
' tration where there is a rise in P^ and finally,• another constant
section where "c", "a" and c/a are constant. It thus appears that the
above qualitative description of the variation of c/a explains some of 
the variation of P^ during the indentation process.
Schematics were made of the growth of the anomalous and dead zones
during indentation for various conditions and these are shown in Figs.
4.6 and 4.7 for constant cone angle and penetration rate respectively.
Fig.,4.6 shows the variation of the A.Z, boundary over a 2 decade 
range of penetration rate. It is evident that there exists no noticeable 
change in the size of the A.Z. over this range. According to Appendix 1 
the value of c/a could be expected to decrease by approximately 5% over the 
range tested, however this is a variation in c/a whereas the A.Z. boundary 
is an approximate measure of "c" only. In any case a 5% decrease in "c"
is less than the experimental error of the sketches (- ± 5%). The most
striking feature of all three sketches is the development of the dead-zone 
underneath the indenter. This zone has already been mentioned in §4.2.1 
and its formation is shown in Plate 4.
Johnson (1970) states that even a modest amount of friction between 
the indenter and the material is sufficient to cause a cap of "dead" 
material to adhere to the wedge and the deformation mode in this case is 
such that displacements are.radial. Bishop, Hill and Mott (1945) have 
tried to friction-correct results obtained for deep punching with cones 
but state that the "value for a = 60° is probably not significant; it is
Figure 4.6 
60° Semi-angle cone
a) 0.1 mm/min penetration rate
b) 1.0 mm/min penetration rate
c) 10.0 mm/min penetration rate
Arrows in a) indicate sequence of sketches 
in all cases.
Indenter profile 
Surfacg.
Unresolved 
crack 
boundary
Anomalous zone 
boundary
Dead-zone boundary
t r r
b) c)
TZJ
Figure 4.7 
Penetration rate : 1.0 mm/min
a) 20° Semi-angle cone
b) 30° Semi-angle cone
c) 60° Semi-angle cone
Arrows in a) indicate sequence of sketches 
in all cases.
Indenter profile
Surface
Anomalous zoneUnresolved
boundarycrack
boundary
b) c)
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known that a blunt punch pushes in front of itself a plug which acts 
effectively as the indenting tool".
The presence of this plug, or dead-zone as it will be called here, 
creates no serious contradictions in the theory discussed so far. In the 
core area the stresses are hydrostatic and the plug exists inside this core. 
The plug forms when frictional forces cause material to adhere to the face 
of the punch and when the hydrostatic pressure is such that the plug can 
shear the material in a manner similar to the rigid indenter. The facts 
that the dead-zone does not begin to form until the head has penetrated 
fully and the load is high and once formed takes up a stable configuration 
with a "cone angle" of 30°-40° tend to lend weight to this argument. Once 
the zone has formed then the indenter is considered to be the composite of 
the punch and the dead-zone with the cone angle altered accordingly. From 
Fig. 4.6 it would seem that the production and final shape of the dead-zone 
are independent of the rate of penetration.
Fig. 4.7 shows the variation of the A.Z. boundary for the 3 cone 
angles used. There does not appear to be a noticeable difference between 
the size of the stable anomalous zone formed, primarily because the formation 
of the dead-zone for the 30° and 60° indenters results in a composite 
indenter of much the same dimensions as the 20° indenter. The dead-zone for 
the 30° indenter differs considerably from that formed underneath the 60° 
indenter in that it extends some distance up the shank of the indenter 
(See Plate 6). This is considered to be due to large frictional components 
on the shank of the indenter due to elastic contraction of the PMMA (See 
§4.5).
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There is also a small dead-zone formed for the 20° cone (see Plate
2) which does not extend below the indenter but is formed along the 
sides of the conical section. This is also thought to be due to 
'friction and subsequent adhesion of material to the conical section.
However in this case the cone angle is such that the adhesion does not 
result in a dead-zone in front of the indenter.
To summarize the above discussion the following main points should 
be considered
(a) Analysis of crack growth and fracture surfaces for a 20° cone 
indenter gives a c/a value of 1.5
(b) A similar analysis for a 60° cone gives a c / a  value of 1.6
(c) The mode of penetration for the 20° cone is similar to that of 
the 60° cone except that the 60° cone tends to build up a dead- 
zone ahead of the indenter which actually acts as the indenter.
‘ The 20° cone, because of the sharper cone angle, has no tendency to 
form a dead-zone ahead of the indenter.
4.3 Stage 1 Penetration
While the conical head of the punch is indenting a material, the 
system has geometric similarity i.e. contact angle is constant at all 
penetrations and contact diameter is linearly related to penetration 
depth. According to the dimensional argument the pressure developed 
should be constant for all penetrations, even initially, since a perfect 
cone will cause plastic deformation for infinitesimal penetrations. How­
ever the first sets of test results analyzed showed that this was not so; 
initially the pressure developed was very high and as penetration progressed
- 1 0 2  -
it approached a minimum just before complete immersion of the punch 
head. It was thought that this effect was due to indenter construction 
and a series of tests were carried out to quantify this effect.
4.3.1 Effect of Cone Truncation
In the analysis of the original test results it was presumed that 
the indenter came to a perfect point and the geometry of the cone allowed 
pressure calculation from this point. Inspection of the cones used 
showed that the point was not perfect but in fact had a very small radiused 
tip. Obviously this introduced a significant error in the calculation of 
pressures. Bishop, Hill and Mott (1945) mention that their results did
not give a.constant pressure due to zero error in the penetration
measurement and the results were extrapolated back to zero penetration 
from the point where the head is entirely immersed in the material.
For the tests conducted here it was felt that this extrapolation 
could not be justified and could also be eliminated by proper consideration 
of the results. In order to test this a series of indenters were prepared 
with rounded tips of various radii on the cone. The geometry of such 
tips and the terms used are shown in Fig. 4.8
If the point of contact is taken to be the apex of the cone then the
projected area is much smaller than the real projected area from the real
contact zero point for even a very small tip radius. This value of hg
(h ) must therefore be taken into account to include the effect of error
truncation. The value of h. (h. . ) is also important because for
m  inaccurate r
penetrations less than h^n the geometry of the indenter is that of a sphere
rather than that of a cone. In general however h. is small and affects
m
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F ig u re  4-8
irr
Contact zero
OC
only the initial section of the graph. Graph 4.2 shows the results for
the rounded tip results uncorrected for and corrected for h . The 3 tip
radii used are given in Table 4.1 with values of h and h. .
e in
Table 4.1 Rounded Tip Parameters
RTIp (mm) hg (mm) h. (mm)
0.3125 0.6012 0.2056
0.5047. 0.9710 0.3321
0.5788 1.1134 0.3808
The upper set of curves in Graph 4.2 are uncorrected for hg and show 
the same behaviour as did the initial results i.e. maximum decreasing to a 
minimum just before head immersion. These are plotted versus the pene­
tration (h) and as the tip radius increases, the error due to h^ increases 
as can be seen from the curves.
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Graph 4-2  E l f.ect . Q.f h0 Correct ion on Stage 1 Results
U00
l in c o r re c te d  for h
1200
1000
n c r e a s i n g  t ip  
rndius
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MN/nrv
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Increasing tip radium
C o r re c te d  fo r  h
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10 mm/min
h + h eh or mm
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The lower set of curves have been corrected for h (as given in Table
e &
4.1) and are plotted versus (h + hg) to give a common zero from the 
penetration of the apex of a perfect cone. The corrected curves all tend 
to rise rapidly to a peak and then show a slight decrease in pressure
until head penetration is complete. This slight decrease is the result
of the ball end on the cone, the derivation of the equation to describe 
this is given in Appendix 2 and results in an equation of the form
PM “ A[h + h J - 2+ B (8)
where the constants A and B vary for a given cone, penetration rate and
ball size.. The results are therefore expected to decrease from a peak 
due to the decreasing contribution of the ball load with respect to the 
total load.
One fact which does emerge from the results is that as the ball 
size increases the final pressure also tends to increase. It is not 
considered that this is a violation of the PSM theory since for a given 
penetration (h + h£ ) the zone size is found to be approximately the same 
for the various ball sizes, however the large ball-ended indenter has 
actually been in contact with the material for less time i.e. h^ is greater. 
Thus the effective strain rate under the indenter for a large ball is 
greater than that for a small ball. Whilst it is not possible to assign 
relative values it is considered that the effect of ball size due to PSM 
is small at this stage and the effect of the increased strain rate more than 
compensates for this and results in the form found in Graph 4.2.
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From the above discussion and Graph 4.2 it is possible to correct
the results for the truncation errors involved in using real cones and to
determine the value of a pressure for various cone angles and penetration
rates. Measurements were made of the truncation on the actual indenters
used and the h value found for each indenter and test. These results 
e
are given in Table 4.2 with the value of (the radius of the ball end)
for the particular indenter.
Table 4.2 h Values for Real Indenters--       g
Cone 
. Semi-Angle 
(degrees)
Penetration
Rate
(mm/min)
h
e
(mm)
r ti p
(mm)
20° 0.1 0.168 0.082
1.0 0.168 0.082
10.0 0.104 0.102
30° 0.1 0.124 0.108
■ 1.0 0.124 0.108
10.0 0.124 0.108
60° 0.1 0.080 0.517
1.0 0.032 0.204
10.0 0.035 0.227
Using these values of h and the average value for the load over
e
4 tests the mean pressure P.. was found from
M
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W
PM
tan2a[h+h ] 
e
and is plotted versus [h + h. ] in Graph 4.3 for each of the cone angles
e
and penetration rates. From this graph the effect of increasing the 
penetration rate or cone angle is easily seen.
One feature of the curves is that they all reach a peak and then 
tend to decrease as penetration progresses - this is due to the decreasing 
contribution of the truncated end as described above. In order to assign 
a value to the pressure required to indent with a cone it is thus necessary 
to find the value B in Eqn. 8 above. To do this power law least squares 
fits were calculated for the equation y = Ax“2+ B for the decreasing section 
of each curve, the values of B and the correlation coefficient (r) for each 
graph are given in Table 4.3.
Table 4.3 B and r2
Cone Penetration B r
Semi-Angle Rate (MN/m2) -
(a°) (mm/min)
20° 0.1 425.98 0.830
1.0 463.57 0.937
10.0 489.08 0.914
30° 0.1 337.15 0.857
1.0 380.51 0.832
10.0 404.04 0.985
60° 0.1 181.74 0.950
1.0 220.67 0.920
10.U 228.47 0.957
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In all cases the correlation co-efficient indicates a reasonably 
good fit to the experimental results. Graphs 4.4 and 4.5 show these 
results as a function of cone angle and penetration rate respectively.
Graph 4.4 shows that in all cases the punching pressure decreases 
for increasing cone-angle. This is similar to the behaviour found in 
metals by Hankins (1925) and Bishop, Hill and Mott (1945). Atkins and 
Tabor (1965) have performed indentation tests with cones on steel and 
copper which h a v e  been work-hardened to various degrees and concluded that 
this effect varies from a continuing fall to a fall and then a subsequent 
rise dependent on the initial degree of work hardness present in the
material. For the case of the PMMA used the material is in an annealed
state and there does exist the possibility of a subsequent rise if the 
material had been strain hardened by some method. In any case the
theoretical basis for the work of Atkins and Tabor is that the material
is of the rigid-plastic type, since PMMA is a plastic-elastic material 
comparison of results with those of metals must be made with care.
Graph 4.5 shows that in all cases the punching pressure increases 
for increasing penetration rate. This could be reasonably expected from 
the confirmation of the PSM theory given in Section 3.3.2. It should be. 
noted that in all cases the rise does not appear to be linear but shows 
a distinct roll off as the penetration rate increases. As discussed in 
Section 3.3.3 this effect arises from a drop in the value of E/Y as the 
penetration rate increases. The significant effect of cone angle is also 
emphasized by this presentation.
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4.3.2 Effect of Friction
The effect of friction on the measured contact pressure underneath 
a cone indenter is bound to be of the same magnitude as that for a ball 
indenter, the only problem being how to correct for this component.
Hankins (1925) has attempted a solution to the problem in a similar manner 
to that used for ball indenters. The major objections to this treatment 
can be summarized as follows:
i) Hankins assumes that there exists a yield pressure which
is independent of the shape of the indenter i.e. frictionless 
indentation should give the same mean pressure for all values 
pf cone angle. This assumption will be invalid if there is a 
change in the mode of deformation but for a constant mode the 
assumption is not unreasonable. In any case a change in mode 
would be seen in the friction corrected results.
ii) Hankins assumes that the normal component of friction load 
can be added directly to the normal load. Whilst this is 
probably not acceptable the correction for friction must be 
made in some way and this assumption allows an easy and 
useful solution.
iii) The value of y was derived by use of assumption i) and nqt
related to other tests. If in fact y is found from independent 
data then this objection can be<removed.
Notwithstanding these objections to the Hankins treatment the work of 
Haddow and Johnson (1961) on indentation with rough pyramids shows that 
for small angles the pressure developed under rough indenters is some 50%
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higher than smooth indenters. For large angle indenters i.e. > 60° 
semi-angle the difference is small. In the series of tests performed 
here the semi-angles used were 20°, 30° and 60° and the indenters could 
be classified as rough so there.is an obvious necessity for friction 
correction. Dugdale (1954) has used the Hankins correction in the 
treatment of his results for copper, aluminium and steel and a similar 
correction was used with success for ball indenters in the previous 
chapter.
The basic derivation of the Hankins treatment is taken from p.621 of his 
paper.
Tf p = corrected mean no
CORR '
pressure between cone and 
material
F = total tangential force 
acting along the surface of 
cone
W = applied load 
r = radius of contact circle 
a = semi-angle of cone.
Then W = irr2Pc0RR + F cos a —E l g  U T6 4l9.
and F - itrl PC0RR-P
W “ 1,r2PC0RR+ (,trl PC0RR-P'COS a)
= Trr2pC0RR + •rr2pcnKR-col:
= "r2PC0RRO  + COL r,)
rmal
the
CORR
oc
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* * PCORR ” p/1 ' \
7Tr^(l+ycota)
OR
P = P  1 ____
CORR MEAS (l+ycota)
Tabor (1951) has made the criticism that for a = 90° i.e. a flat 
punch, this leads to a pressure which is independent of the friction on 
the punch. This criticism is obviously valid but it is not unrealistic 
to apply an upper bound to the value of a for which the correction can 
be applied. For a cone angle of 20° the indenter tends to cleave the 
material as well as creating the core, however for a 60° cone the 
formation of the dead-zone at a later stage indicates that this type of 
correction may not be valid. The 30° cone indenter appears to be a 
combination of the two extremes. This change in the mode of indentation 
will obviously render the correction invalid because the material is no 
longer moving over the face of the indenter but is adhering to it and 
shearing through the surrounding material.
Using the Hankins type of correction with y = 0.45 (see §3.1) the 
values in Table 4.3 can be treated to give Table 4.4 below. Also included 
are values for y = 0.40 and y = 0.50 to give an estimate of the error 
involved for a varying y value. This was not considered necessary for 
the ball indenters as the surface roughness was very similar in all cases 
but the cone indenters were machined and there is a possibility of varying 
degrees of surface roughness.
These results are plotted in Graphs 4.6 and 4.7 versus cone angle 
and penetration rate respectively. It is obvious that the friction 
correction used does not result in a value of which is independent
—’—■— CjUKK
versus  c one angle
10*0 mm/min
200
1-0 mm/min
0*1 mm/min
150
Graph 4*7 Fr ic t ion  c o r r e c t e d . _Pm_ 
versus  pene tra t ion  ra te250r
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150
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Table 4.4 Friction Corrected Pressures
Cone
Semi-Angle
(a°)
Penetration
Rate
(mm/min) y = 0.40
PC0RR
(MN/m2)
y = 0.45 y = 0.50
20° 0.1 202.95 190.48 179.46
1.0 220.85 207.29 195.29
10.0 233.01 218.69 206.04
30° 0.1 199.16 189.47 180.68
1.0 224.78 213.84 203.91
10.0 238.68 227.06 216.52
cr> O 0 0.1 147.64 144.26 141.03
1.0 179.27 175.00 171.24
10.0 185.61 181.35 177.29
of the cone angle of the indenter. Graph 4,7 shows that increasing the
penetration rate leads to an increase in P D , a result to be expected
LURK
from §4.3.1.
If the PSM theory is evaluated for a 2,00 mm radius indenter at 
the given penetration rates then the predicted values of P^ are given in 
Table 4.5 for c/a = 1.5 and 1.6.
Thus it can be seen that whilst the correction does not work totally 
the"friction corrected" values are quite close to those predicted by 
the theory, although this is possibly a purely fortuitous result. The 
failure of the simple friction correction for conical indenters is not
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Table 4.5 PSM Predictions for 2,00 mm Indenter
PM f°rM PM f0r
Penetration Rate c/a c/a
(mm/min) = 1.5 = 1.6
(MN/m2) (MN/m2)
0.1 140 154
1.0 166 182
10.0 191 209
all that surprising if the following points are considered,
(1) For a ball indenter the mode of indentation is constant for any 
ball indenter to a given penetration. In the case of cones the 
change of mode i.e. the production of the dead zone is certain to 
have a limiting effect on the applicability of any correction used.
(2) Atkins and Tabor (1965) propose that large cone angles create a low 
strain in the material and small cone angles create a large strain in 
the material. They then propose that each cone angle has an effective 
plastic strain (eQ) which can be allocated to it and that this can be 
added directly to a natural strain (eQ) introduced by work hardening. 
This concept is used to produce a stress-strain graph from indentation 
measurement. Now the value of for a 60° cone is approximately half 
the for a 30° cone. Thus it is possible that the failure of the 
friction correction is due in part to a different level of plastic 
strain being created in the material for each cone angle. Such an 
effect would cause the 60° results to be far less than the 30° results,
- 118 -
which would be expected to be close to the 20° results (since
efi << efi < £ ' ' ) .  This is in fact observed in Graph 4.7.
60° 30° 20°
(3) The friction correction uses a simple model of the pressure
distribution underneath the indenter. This idealization is good for 
the case of a ball where the indenter and core area are geometrically 
similar and well defined. However for a small cone angle the 
indenter is much further immersed in the anomalous zone and geometric 
similarity does not hold. The pressure distribution under the 
indenter is also much more complicated and the simple model is bound 
to be incorrect.
4.3.3 • Summary of Stage 1 Results
From the results presented above the following points are especially
relevant:
(1) Truncation of a conical indenter results in large errors in the initial 
stages of penetration and this must be taken into' account in any 
analysis.
(2) Frictional effects, while an undoubtedly important component of the 
load, are not easily separated from other effects present. The 
correction attempted does not give a pressure which is independent 
of cone angle, this variation could be due to variations in plastic 
strain induced in the material for different indenters. The 
friction corrected values for a = 60° have a close correlation to the 
PSM predicted values for a c/a value of = 1*5, which is not surprising 
since the 60° cone is closest in form to that of a ball indenter.
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4.4 Stage 2 Penetration
This rise in mean pressure is seen as a transition zone between 
the two regimes of Stage 1 and Stage 3 and does not lend itself to any 
detailed examination. At this stage the conical head of the indenter 
is fully immersed and the material is contracting onto the cut-back 
shank and part of the rise is due to this. Another effect is that the 
indenter is moving away from the surface layers where the constraint on 
the material is low and into the interior where no surface relaxation can 
take place (see Plate 11 b). To quantify these effects is both difficult 
and of little practical use and will not be attempted.
4.5 Stage,3 Penetration
4.5.1 Friction Corrections on the Shank
As discussed in §4.1 it is thought that the stick-slip penetration in 
Stage 3 is due to friction loadings on the shank of the indenter as a 
result of elastic contraction onto the indenter. The suggested mechanism
for this effect is as follows:
i) The punch is moving forward
into the anomalous zone but
there is no slip on the
surface of the punch. The
work done at this stage could
be related to the movement Figure £-10n
of the anomalous zone and shear of the material along the sides of
the punch.
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ii) As the load rises the 
limiting force is ex­
ceeded and rapid slip 
occurs (since
yDYNAMIC < ySTATIC^ *
At this stage the punch ~F igu re  £-10 b
does not really move forward, more that the sheared material moves 
up and to the sides of the punch, thereby relieving the compressive 
stresses in the anomalous zone and frictional stresses along the 
side of the punch to some extent. This causes a rapid drop in load
until equilibrium is reached.
\ .  ' . . . '■ ■
iii) The cycle repeats step i) except that this time there is an increase 
in the shank length embedded in the material and a greater load is 
required to complete the cycle.
This type of mechanism can be tested in two ways:
i) If the mechanism is as above then the drop from the maximum load 
(prior to slip) to the minimum load (after slip) should be linear 
with respect to the penetration of the indenter. The variation 
of AW versus h is shown in Graph 4.8 with the linear least squares 
best fit line marked in. This shows the variation is linear with 
h to a reasonable degree of accuracy and the model is somewhat 
confirmed.
ii) If the mechanism is due to friction on the.shank then cutting back 
the shank to a large extent should remove this component. A series 
of indenters were made with a very cut back (v c b ) shank i.e. 1 mm
30
0
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on either side to test this hypothesis. However the load on 
the indenter was such that the shank bent or fractured and/or the 
cone section fractured. Of the tests conducted only 1 indenter 
actually reached the deep punching stage and the trace of 
Ys h of this indenter is given in Graph 4.9. There is a large 
degree of scatter in the penetration record as there was in fact 
a stick-slip type of penetration present, this is probably due 
to stick-slip on the face of the conical head, the important fact 
is that there is no regular increase in the absolute value of P.. 
with an increase in penetration.
Graphs 4.8 and 4.9 thus support the hypothesis that the stick-slip 
penetration is due to friction on the shank of the indenter. This type of
on the conical section of some cone indenters and also in the case of deep 
punching with ball indenters. It is then possible to friction correct the 
maxima penetration curves from the gradient of the linear portion of the 
P^ versus h graph. If F = frictional force/unit area then
variations in the amount and rate of cut-back on the shank and the 
surface roughness of the shank. This value of F can then be applied by
penetration is not restricted to the shank of cone indenters but can be seen
= Gradient of linear portion (since r = 2)
This value of F should be determined for each indenter due to slight
W,
CORRECTED
= W
APPLIED tana
to give a friction corrected load and P' where P ’ is the friction
f.c. f, c.
1000r Graph  V.C.B. Shank rpqult^
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corrected pressure for shank friction only. This is given by Curve C 
in Fig. 4.2, it is only for friction on the parallel sides of the punch 
and makes no attempt to correct for friction on the conical head of the 
punch.
The values of F obtained for each test are given in Table 4.5 with 
the value of the plateau region of curve C also given. The pressure 
penetration curves are shown in Graph 4.10 a->c for one series of tests 
only.
Table 4.5 Frictional Force and Plateau Values
Cone Angle 
(a)
Penetration
Rate
(mm/min)
F
(MN/m2)
P'
FRICTION CORRECTED 
(MN/m2)
20° o.i 42.63 483.73
i.° 29.89 562.42
10.0 34.69 560.36
30° 0.1 . 25.87 495.29
1.0 35.57 492.11
10.0 42.34 499.85
60° 0.1 47.24 392.85
1.0 36.06 436.53
10.0
'
44.20 433.53
- 1 2 5  -
.G raph . .  6-1 f) A-C..:.—
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4.5,2 Theoretical Calculation of Frictional Effects on the Shank
Considering a section of the shank as shown in Fig. 4.11 the value 
of F is given by
F = ycr
r
where a is the radial 
r
stress needed to create 
the cavity.
F igu re  4*11
The value of cr can be calculated for the "hole-in-plate", "expanding 
spherical cavity" and "expanding cylinder" models. For the purpose of this 
calculation the expanding cavity model will be used. At the time when the 
frictional force is calculated most of the shank is some distance away 
from the surface and the hole-in-plate model is not considered accurate at 
this stage. The hole itself has'been formed by expansion of a cavity and 
not by expansion of a cylinder and use of the former model will enable use 
of the c/a value determined experimentally in §4.2.1.
°f
For the expanded cavity
o = (Y. + B In Z) 
r 0
1 3 D+l c
D D D+3 av. y
2D
D+l
3B(1+D)
2D2
2D
D+l
1 -
3B . c 
In —  
D a (9)
[From PSM Equation 18]
The values to be used are: Y = 160 MN/m2
0
B = 7.75
a =1.95 ram [Cut-back on shank]
V ■= 1.67 x ICn^mm/sec [1.0 mm/min]
Substitution gives
cr = 155.45 MN/m2
r r=a
and for y - 0.50
F - 78 MN/m2 .
The mean value of F for the tests conducted at 1.0 mm/min is
34.56 MN/m2 . If it is considered that the contraction may lead to a drop
in a and also that the time taken for the indenter shank to reach the 
. r
contracted area may lead to relaxation, then it is not unreasonable to 
predict that these values may be up to twice the actual values experienced 
during test. In any case the agreement between the graphical and theoretical 
determinations of the value of F is within the limits of experimental and 
theoretical accuracy.
Thus the components which make up the load on the indenter aire:
i) Friction on the surface layers due to contraction of the PMMA in 
the manner of the hole-in-plate model.
ii) Friction in the interior due to contraction of the expanded 
spherical cavity.
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iii) Load necessary for creation and transport of the expanded 
sphere
iv) Friction on the face of the indenter or shear of the compressed
dead-zone (dependent on the cone angle).
These components interact and become operative at different penetration 
depths but the total load is due to some summation of these.
Similar calculations can be carried out for the dynamic stages of
the stick-slip process using the dynamic co-efficient of friction and these
correlate with the lower bound areas of the graph (within the limits of
the chart recorder response). The result for the plateau region of the VCB
Shank indenter (See Graph 4.9) can also be compared with the value of ^
for the same test conditions. The VCB result was 488 MN/m2 and P' is
f . c.
492 MN/m2 , a result which provides further verification of the validity of 
the shank friction correction.
Having determined the values of a deep punching pressure these are 
plotted in Graphs 4.11 and 4.12 versus cone angle and penetration rate 
respectively. Since at this stage the 60° cone (and 30° cone to a lesser 
extent) has formed a dead-zone underneath it the real indenter i.e. cone 
plus dead-zone, no longer has the specified angle. Consequently the 
curves for values of 30° to 60° are presented as dashed lines to emphasize 
this fact. Graph 4.11 shows that as the cone angle increases the deep 
punching pressure tends to decrease, this is by no means regular and shows 
some irregularities i.e. the curves for 1.0 and 10.0 mm/min penetration 
rate are almost identical and the 0.1 mm/min curve also seems irregular.
500-
(MN
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Graph U ve rsus  P e n e t ra f  inn Rate
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Graph 4.12 shows that after an initial rise similar, to other graphs 
of this type the curves tend to roll-off and become flat or even decrease. 
Part of the cause of this is probably a decrease in c/a with penetration 
rate but this is not sufficient to account for the total drop and no 
explanation can be given for the magnitude of the drop. If Graph 4.12 
is compared with a similar plot (Graph 4.5) for Stage 1 penetration it can
be seen that the spread of results between a 60° cone and 20° cone is
less for full penetration than for head penetration alone, although the 
order is the same. It is also seen that the values for Stage 3 are up to 
twice the values for Stage 1 at given conditions (this decreases with 
decreasing cone angle). This increase is due to two factors
i) The movement of the punch away from the surface means that 
there is no longer any relaxation at the surface and the 
pressure increases.
ii) At the stage of deep punching the plastic strain due to work-
hardening (e in the notation of Atkins and Tabor (1965)) is much
greater than the cone angle effective plastic strain (e^) and the
variation of total plastic strain with cone angle is small.
Thus despite the variation in e the graphs at constant coney
angle could be expected to be somewhat closer to one another; as 
is seen in Graph 4.12. /
As the Atkins and Tabor theory has little effect at this stage then one 
of the objections to the simple Hankins correction has been removed and it 
may be instructive to friction correct the Stage 3 results.
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4.5.3 Friction Corrections on the Conical Section
The Hankins correction of
PCORR = PMEAS * (1+ycota) 
was applied to the results to give P' which is the pressure corrected
,c ,/h
for friction on both the shank and the conical section and P ’ is
/H
plotted versus penetration rate in Graph 4.13. This graph is initially 
surprising since the order of the curves is reversed i.e. 60° cone has 
the highest pressures when friction corrected and 20° has the lowest. The 
Atkins and Tabor theory is valid in the surface areas where the values of 
£q and £q are comparable and this can be used as suggested in their paper. 
However in the interior the presence of the core means that the indenter 
is effectively in contact with fully strain hardened material irrespective 
of the cone-angle, the contribution of e. is minimal and the predictions 
of the theory are no longer relevant. Thus the values for all cone-angles 
should be similar. This is not found to be the case and a reversal of 
order is found.
In 4.2.1 the growth of the dead-zone underneath a 60° cone was discussed 
and the included angle of this cone was found to be 30o-40°. At this stage 
any consideration of the 60° indenter as having that cone angle is bound 
to be erroneous. The actual indenter (real + dead-zone) must be-considered 
for any accuracy. If the "semi-angle" of the composite indenter is taken to 
be 35° then it is possible to apply a correction. In this case the value of 
y to be used is 0.8 (from Bowden and Tabor, 1964, p,165) as this is for 
PMMA on PMMA. The correction should also be used for the 30° cone as Fig.
4.6 shows the formation of a dead-zone under this indenter. This final
300
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correction (Graph 4.14)reduces the variation of pressure with cone angle 
and results for all angles are in the region 190-250 MN/m2. Comparison 
of these results with those of Graph 4.7 shows that the corrected deep- 
punching pressures are slightly higher than those obtained for Stage I 
under given conditions. This difference could be ascribed to the lack of 
surface relaxation in the case of deep-punching.
It is thus possible that the simple Hankins correction has some 
validity for deep-punching provided the presence of the dead-zone is taken 
into account. Further experiments in this area would be necessary to 
confirm this hypothesis.
4.5.4 Compression of Cone Indenter During Deep-Punching
The large loads applied to the cone indenters during deep-punching 
prevented the use of very cut back shank indenters because of buckling or 
fracture of the indenter. As the forces involved are large the deflection 
of the indenter under load was evaluated to determine if this affected 
the penetration measurements.
The deflection of the conical end can be approximated by a bar of 
suitable length and the forces on the shank evaluated from elementary 
mechanics. This involves consideration of the supporting effect of the 
frictional forces on the shank of the punch.
Substitution of the values at maximum penetration into the equation 
thus derived gives the change due to compression of the bar as approximately 
1%. In most cases the change will be much less than this and consequently 
the compression of the indenter was neglected in the treatment of the 
results.
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(1)
(2)
(3)
(4)
4.6
are
i.5 Summary of Stage 3 Penetration
From the points presented above the relevant conclusions which can
4 . .
drawn are:
A mechanism can be proposed for the stick-slip penetration present 
in Stage 3 and this is proved to be caused by frictional effects on 
the shank of the indenter. Experimental results and theoretical 
predictions give similar values for the frictional force present.
The results, when corrected for shank friction,show a similar 
pattern (although numerically different) to thoseobtained for Stage 1 
penetration. The numerical variation is thought to be due to the 
decreasing influence of the free surface and the cone angle.
A Hankins type friction correction was attempted and preliminary 
results show that the presence of the dead-zone is an important 
factor. If this is taken into account there seems to be reasonable 
agreement between deep-punching and Stage 1 results.
From theresults. obtained it appears that for cone angles greater 
than 30° the cone angle itself is not an important factor due to 
the formation of the dead-zone.
Cone Indenter Size Effect
There are two size effects present during ball indentation and these
i) Ball diameter - this is detailed in §3.4 and is due to the 
change in strain rate underneath the indenter.
ii) Ball Diameter/Specimen Size Ratio - this is detailed in §2.1.5
and is due to relaxation of the stress field at the free surfaces.
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For cone indentation there should be no size effect analogous to
i) since indentation with a cone possesses geometric similarity through­
out the indentation. However in order to confirm this indenters of 8 mm 
diameter were prepared. To remove any possibility of a size effect 
analogous to ii) affecting the results the tests were carried out on 50 mm 
thick blocks of PMMA. As for the results with 4 mm diameter cones the 
effect of truncation of the indenter was corrected for and these results 
are shown in Graph. 4.15. Comparison with Graph 4.3 shows that the general 
form of the graphs is very similar - an initial rise followed by a drop 
in the mean pressure as the penetration increases. The origin of this 
drop is given in Appendix 2 and the values for B and r are given in Table 
4.6.
Table 4.6 B' and r
Cone 
Semi-Angle 
(a )
Penetration
Rate
(mm/min)
B
(MN/m2)
r B ’
(MN/m2)
20 0.1 457.79 0.658 421.69
1.0 482.43 0.811 457.55
10.0 550.86 0.832 466.28
30 0.1 323.99 0.850 314.13
1.0 352.74 •0.781 340.07
10.0 - - -
60 0.1 192.29 0.924 192.81
1.0 212.47 0.916 213.15
10.0 236.99 0.930 238.00
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For the curves shown in Graph 4.15 the correlation coefficients 
are quite low which indicates that the fit is not good and possibly that 
the equation derived in Appendix 2 may not include all the variables 
.required. Accordingly B 1 is used, where B 1 is the value of at full 
head penetration of the cone. The values of B* are also given in Table
4.6 and are plotted in Graphs 4.16 and 4.17 versus cone angle and 
penetration rate respectively.
Comparison of these with Graphs 4.4 and 4.5 shows that for the same 
conditions the results obtained for the 8 mm diameter cones are much the 
same as those obtained for the 4 mm cones. Due to the lack of success 
in the use of the Hankins correction for Stage 1 friction this type of 
correction' was not attempted for this section.
The overall results show that the correction for truncation is 
necessary even for large cones and that the principle of geometric 
similarity remains valid even for large cones.
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CHAPTER 5 WEDGE INDENTATION
5.1 Introduction
The slip line field in a semi-infinite block of rigid-plastic 
material indented normally by a smooth, rigid wedge was developed by 
Hill, Lee and Tupper in 1947. These authors compared the theoretical 
solution for frictionless indentation with results obtained for 
indentation of lead with a lubricated 30° semi-angle wedge and close 
agreement of the flow pattern was found. The solution derived also 
determines the shape of the lip formed and the deformation in the 
material pushed out towards the surface. Grunzweig, Longman and Petch 
(1954) extended the slip-line field theory treatment to include friction 
on the face of the wedge. The results were compared with experiments on 
lead and PTFE for wedge semi-angles 3.2° < a < 28.5° and again close 
agreement was found. The results of Dugdale (1953) for wedge indentation 
of cold-worked metals (mild steel, copper and aluminium) support these 
theories although the shape of the lip formed was slightly different to 
that predicted by the theory.
The work of Samuels and Mulhearn (1957), Mulhearn (1959), Marsh (1964), 
Hirst and Howse (1969) and Johnson (1970) on wedges has been covered in 
§1.4. This is necessary background for this and is taken.as read.
5.2 Experimental Results
5.2.1 The Deformation Pattern and Residual Indentation
Photographs were taken of wedge indentations while under load in a 
similar manner to that used for ball and cone indentation. These are shown 
in Plate 7 a-*c) for 60°, 30° and 20° wedge angles respectively. As for ball
L 10 mm j
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and cone indentations it is emphasized that the patterns shown in Plate 
7 are due to optical distortion and do not necessarily relate quantita­
tively to the actual material movements. However they do provide a 
qualitative picture of the deformation and in the case of ball and cone 
indentation could be related to the fracture pattern. Indentations were 
also made to a constant depth (1 mm) for all cone angles and the shape of 
the residual indentation was measured, this is shown in Fig. 5.1 for each 
wedge.
The deformation pattern for the 60° wedge resembles the radial 
compression mode of Mulhearn, with the centre of the cavity based just 
below the tip of the indenter. In this regime the expansion of a 
cylindrical cavity model might be expected to predict the pressure 
necessary to indent the material. Comparison of. the residual indentation 
to the in-situ indentation shows that recovery in the region of 80% has 
taken place. For wedge angles > 60° the recovery is so extensive that 
Hirst and Howse model the deformation by the indentation of a perfectly 
elastic solid by a rigid wedge. The pressure thus predicted is about 15% 
greater than the experimental value.
For the 20° wedge the deformation pattern is less clear but 
resembles the indentation of a plastic rigid solid. Consideration of the 
size of the residual indentation shows that the plastic and elastic 
deformations are comparable. Thus the deformation is a complex mixture 
of the two and corresponds to the complex plastic-elastic region mentioned 
by Hirst and Howse.
The 30° wedge highlights the transition between the deformation modes 
described above. The plastic and elastic deformations are of similar
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magnitude and the deformation pattern under the indenter shows features 
of both the cylindrical cavity model and the complex plastic-elastic 
case.
In summary the evidence available shows that as the angle of a 
wedge indenter in PMMA increases from 20° the deformation pattern under­
goes a gradual transition from that of a complex plastic-elastic case 
(somewhat similar to indentation of a plastic-rigid solid) to that of 
expansion of a cylindrical cavity and finally for a > 60° to indentation 
of an elastic solid.
5.2.2 Indentation Tests
As for previous sections the indentations were carried out with 
continuous loading until fracture. This is at variance with other 
experimental results i.e. Hirst and Howse used dead loading for 15 s, however 
other tests with ball and cone indenters were carried out with continous 
loading and this convention was retained. As previously the pressure was 
calculated from the load and the projected area of the indentation while 
under load. For cone indentation the effect of truncation of the cone 
was found to be important at low penetrations. For wedges this was not 
so as the machining method was more accurate and inspection of the trunctation 
showed that it was very small in comparison to the width of the indentation.
Tests were carried out for all cone angles at rates of 0.1 and 1.0 mm/ 
min for both the "open" and "closed" conditions (see §2.4) to determine the 
effect of boundary conditions on the test.
The general form of the pressure versus penetration results is in 3
stages
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i) A rapid rise from zero followed by
ii) A plateau region with possibly a slight rise in pressure 
until the wedge section was fully immersed and then
iii) A subsequent rise in pressure and ultimate fracture.
This behaviour is illustrated in Graph 5.1 which shows the effect of 
penetration rate and wedge angle on the pressure versus penetration curve.
All the wedge angles behave in a similar manner, the only variant being the 
magnitude and duration of the plateau region.
For all angles the decade increase in penetration rate has a 
significant effect on the mechanical properties and results not only in 
increased mean pressure necessary for penetration but also in fracture at 
lower penetrations. Tests at 10.0 mm/min indicated a large rise for the 
20° wedge, a small rise for the 30° wedge and a very small rise for the 
60°(only shown for the 20° case to avoid confusion). This is not surprising 
since as a increases the amount of elastic response in proportion to the 
plastic response increases. The elastic response is not sensitive to rates 
and increasing this proportion decreases the sensitivity of the process to 
penetration rate.
During penetration of the wedge section the indentation has geometric 
similarity and the pressure would be expected to remain constant. This is 
seen in the plateau region and is reasonably constant and well defined for the 
20° and 30° indenters. The region is not well defined for the 60° wedge 
because the deformation field does not have time to stabilize and the 
plateau is almost reduced to being a point of inflection. The values of the 
plateau for the various wedge angles and rates are given in Table 5.1.
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Table 5.1 Plateau Region Values
20° 30° 60°
0.1 278 242 108
1.0 316 254 118
After complete immersion of the head of the wedge there is a rise 
again and most specimens fracture during this stage, for the 60° wedge 
at 0.1 mm/min the fracture was delayed and the graph appears to be 
approaching a second plateau area. This is analogous to indentation with 
cones where there are two plateau regions, one during head penetration and 
one on full shank penetration.
Graph 5.2 shows the effect of the "open" and "closed" conditions.
It is obvious that the closed condition should require a greater pressure 
for penetration from a theoretical basis and this is seen to be true for 
all wedge angles in the Graph. This is covered in more detail in §5.3.
5.2.3 Friction
In previous'sections on penetration with ball and cone indenters the 
frictional effects were taken into account. However in both cases the model 
of deformation was that of expansion of a spherical cavity, a model which 
leads to a regular distribution of pressure on the indenter. Also this 
model remained applicable throughout the test series. For the case of wedge 
indenters reference to Plate 7 shows that the mode of deformation changes with 
the wedge angle and thus the use of a simple constant pressure distribution 
on the indenter is not valid. Hirst and Howse have calculated the pressure
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distribution under wedges from the residual indentation and this has a 
very high (theoretically infinite) central peak which tends to flatten 
as the wedge angle decreases. Thus any -friction correction would require 
a detailed knowledge of the pressure distribution at all times during 
penetration.
In cone indentation it was found that at small penetrations with cone, 
indenters the friction correction was not accurate because cones of 
different angle produced different degrees of plastic strain in the 
material. The friction correction was thus only effective when the whole 
conical head was immersed in the material. The same effect would be found 
with wedge indentation and any friction correction is unlikely to yield 
meaningful-results until complete head penetration and in the case of 
wedge indenters this is either preceded by or concurrent with fracture.
In summary the effect of friction on wedge indenters is bound to be 
important but the assignment of values is not realistic at this stage.
5.3' The Expanding Cylindrical Cavity in the Model Material
In a similar manner to that used by PSM it is possible to incorporate 
into the solution for the cylindrical cavity the sensitivity of the yield 
stress to strain rate and hydrostatic pressure.
The detailed analysis of this has been made by the author but*is not 
presented here and in this section only the basic assumptions and results 
will be presented.
i) The calculation of the hydrostatic pressure according to 
1
P = (ar + cTq + az) yields 2 distinct cases. If the situation
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is considered to be analogous to the expansion of a tube 
(see Hill p.. 108) then the "closed" condition of testing 
corresponds to the conditions of plane strain and the "open" 
condition of testing corresponds to the condition g  ^ = 0.
The "open" condition will thus have a lower yield stress for all 
other conditions held constant. The proof of this is seen in Graph 
5.2 where pressure versus penetration is plotted for open and 
closed tests under various conditions.
ii) To include the effect of wedge angle the variable t has been
6 max
taken to be
V
t = T- . max h
where h is the penetration necessary for full immersion of the 
wedge section.
This predicts that a large wedge angle taking a shorter time to 
create the same size cavity as a smaller wedge angle will require 
a proportionately greater pressure to create the cavity. In practice 
the effect is minor and is overshadowed by work hardening, friction, 
elastic effects and the change in deformation mode.
iii) Hirst and Howse have shown that for large wedge angles there is a
central zone of very high pressure but as the wedge angle decreases 
the central zone broadens and flattens as the degree of elastic 
recovery diminishes. For very small angles there is a clear trend 
to a more uniform pressure distribution as required by the expanding 
cavity model. The expanding cavity model only begins to be the' 
operative mechanism at large wedge angles and soon becomes redundant 
because of the pressure distribution.
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The theory results are shown in Graph 5.3 for the various angles 
and rates used although as noted above it is not relevant for most of these. 
Fracture underneath a closed wedge indenter begins with a crack propagation 
out from the end of the wedge and down under the indenter. The crack has 
similar characteristics to that of the ball and cone indenters and there 
is also a bulged zone present on complete fracture. For a 60° wedge and 
0.1 mm/min penetration rate the approximate value of c/a from these 
observations is 1.7 and the predicted pressure is thus 127 MN/m2. The 
actual value of the plateau region from experiment is 108 MN/m2, but this 
value is not corrected for any frictional effects and would decrease in 
the event of such corrections. Table 5.2 gives the actual results and 
model predictions for c/a = 1.7.
Table 5.2
a V Predicted Actual % Diff.
20° 0.1 114 278 144
1.0 . 133 316 138
30° 0.1 117 242 107
1.0 136 254 87
60° 0.1 127 108 -15
1.0 146 118 -19
The lack of correlation between experimental and corrected results is 
evidence that the expanding cavity model is not a good model under these 
conditions.
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The theory assumes that the cavity is essentially the same for 
wedge angles in the range 20°-*60°. For small angles (- 20°) the evidence 
(see §5.2) shows that the expanding cavity model is not valid. As the 
wedge angle increases the expanding cavity model becomes more important 
until a > 70° where the mechanism is closely related to the elastic case. 
This is the most serious drawback in the use of the expanding cavity model 
for PMMA i.e. it is the dominant mechanism over only a part of the range 
of wedge angles and even then other mechanisms affect the deformation.
5.4 Summary and Conclusions
The results of this section are less conclusive than those of the 
sections dealing with ball and cone indenters. However the following are 
important features of the results.
i) Increasing penetration rate leads to an increase in penetration 
pressure - this is predicted by the expanding cavity model but 
is also a truism for increased rate in many mechanical tests of 
polymers.
ii) Increasing cone angle leads to a decrease in total penetration 
pressure - this is experimentally true but the opposite is 
predicted by the theory, this inversion is most likely due to 
frictional effects for which the theory makes no allowance.
iii) The deformation mode for wedges in PMMA is dependent on the 
wedge angle and changes from complex plastic-elastic to the 
expanding cavity to the elastic case as a goes from 20° to 60°. 
The expanding cavity model is thus severely limited in its use­
fulness.
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CHAPTER 6 DISCUSSION
6.1 Fractography of PMMA .
The fracture of PMMA is a very well studied subject and there are 
some excellent review articles and.books on the subject. See for example 
Andrews (1968), Kambour (1973) and Rabinowitz and Beardmore (1972). There 
has been much work carried out on a variety of loading patterns, loading 
rates, temperatures and other variables. It is not proposed to review 
these and this section will only deal with the aspects of fractography 
directly related to the indentation process.
6.1.1 Ball and Cone Indenters
The basic pattern of fracture under a ball indenter was first described 
by Puttick (1973) and this is very similar to that found underneath a cone 
indenter. In both cases there are two zones:
(1). The slow crack propagation zone with ridges or hackle markings which 
delineate the path of the crack.
(2) The fast crack propagation zone with a smooth surface and small parabola 
markings which show the direction of propagation (Andrews 1968). These 
zones are not always clearly differentiated and in some cases the
slow crack growth zone is smooth with small steps at the crack 
boundary.
In this investigation it has been shown that the crack-tip path can 
be related to the boundary of the anomalous zone to estimate a value for 
"c". The value of "a" is approximated to the radius of the area underneath 
the indenter which bulges out on complete fracture. In this way the fracto-
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graphy allows assignment of a value to "c/a" for ball and cone indentation 
in PMMA.
Deep punching with a ball indenter or large angle cone indenter is 
accompanied by the formation of a "dead zone" underneath the indenter.
This zone is ejected as a separate piece when fracture occurs and the 
reason for its formation is given.in §4.2.2.
The major difference for a cone indenter is that a small semi-angle 
cone indenter tends to penetrate the anomalous zone much more than a 
ball indenter. Plate 8 shows this and the characteristic cracks around 
the indenter.
6.1.2 Wedge Indenters
For the wedge indenters the fracture pattern depended on the type of 
test, the "open" wedge tests differing from the "closed" wedge tests.
An open wedge test fractured with the formation of a crack underneath 
the indenter and propagation downwards. This led to fracture as shown in 
Plate 9. There is initially a section of smooth fracture with parabolas 
indicating the direction of cracking and then a transition to "turbulent" 
or "ribbed" fracture. This area is shown for two lighting conditions in 
Plate 10 (a) and (b). Plate 10 (a) shows that the surface consists of bands 
of ductile tearing and parabola markings, Plate 10 (b) shows how the 
lighting conditions can highlight the ductile tearing areas. Kusy et al. 
(1976) have studied the fracture of PMMA under various loading conditions 
and propose that such features only occur in cases where loading conditions 
resulted in a tensile stress field ahead . of the crack. The ribs are thought 
to be caused by secondary tensile fractures which cause the crack to
Pla te  8 R es idua l  inden ta t ion and c ra cking.
under a e rn e  indente r ...
30 mmu  ■ ■ ■ ---
m  m
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decelerate. After formation of the rib the crack accelerates and the 
fracture is stick-^slip in nature. This is consistent with the postulates 
of the stress field under a wedge indenter in the open mode.
A closed wedge test fractures in a totally different manner. For 
a 60° semi-angle wedge the crack resembles that formed in ball indentation 
and grows out from the length axis of the wedge (See Fig, 6.1). It then 
grows under the wedge until catastrophic failure occurs. There is often a 
band of ribs formed as shown in Fig. 6.1 which indicates the direction of 
crack propagation. After such a failure there is a bulged-out area similar 
to that found in ball indentations and it is to be noted that the crack does 
not propagate into this area until catastrophic failure. These observations
F igu re  6-1
Di rec t ion of
wedge
movement
Bulged  a rea
m a r k in g s
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are consistent with those made in §5.3 that the deformation mode for 
60° wedge indentation can be modelled by the expansion of a cylindrical 
cavity,
6.1.3 Orientation
All specimens were marked with sheet cutting directions in an 
attempt to determine if the orientation affected the fracture pattern.
As PMMA is an amorphous glassy polymer no such effect was expected or 
seen. If penetration was stopped before initiation of a crack then the 
crazes present were of a uniform length and density around the indentation. 
Fracture, when it occurred, was random with no preferred direction.
Puttick (1978 b) and Puttick et al. (1979) have shown that the fracture 
pattern is sensitive to orientation and can be used to detect this.
6.2 Deep Punching
The discussions in §3.5 and §4.5 on the deep punching of ball and 
cone indepters have been concerned with the analysis of results but have 
not actually discussed this process. It may seem somewhat surprising 
that a glassy polymer such as PMMA can be deep punched but Plate 11 (a) 
shows this quite clearly. This type of result is not a rarity but occurs 
quite often at. low penetration rates. For ball indenters problems were 
found with support mechanisms but penetrations of one diameter coul.d be 
achieved. For cone indenters it was possible to force the indenter 
completely through the material as shown in Plate 11 (a).
A precondition for deep punching is that the formation or propagation 
of a surface crack is delayed until the indenter head is fully immersed.
If no crack has formed by this stage then it is possible for the indenter 
to penetrate totally through the sample. At this stage several specimens
Plate 11a) De.ep.
p unching withi.
cone inden te rs
10 mmI  ... I
Plate 11 b) A s f o r
11a] v iewed_____
through cr.QS.S-£.d.
polars.
Plate 11c) Top
v i ew of spec imen
-in 11 b).
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have failed from a crack generated at the exit hole which, propagates 
towards the upper surface.
The specimen shown in Plate 11 (a) was photographed through crossed 
polars and the side and top views are shown in Plates 11 (b) and (c) 
respectively. Plate 11 (c) shows the uniform stress field created by the 
indenter and Plate 11 (b) shows the variation of the circumferential 
stress around the in-situ indenter. This stress appears to be uniform 
in the centre of the specimen but is reduced near the edges due to 
relaxation at the free surface. Also visible are cracks at the.surface 
of the indenter and at various angles to it - these are formed during the. 
stick-slip penetration period and are thought to be induced by this 
process.
6.3 Residual Stresses
Two effects of the residual stress system after unloading can be 
seen in PMMA, One of these is the bulging out of the core area of 
Johnson's (1970) model and the other is the continued growth of a crack 
due to stress reversal on unloading (Johnson 1963 and Studman and Field 
1977). The former has been considered in earlier sections and only the * 
latter will be considered here.
Johnson (1963) suggested that the unloading process may be thought 
to consist of the subsequent application of an equal negative pressure to 
the contact surface. This unloading is taken as a Hertzian distribution 
of tension on the surface having a maximum intensity
p 0 = 1  Pm
where p is mean pressure. rm *
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This tension results in a maximum principal stress difference of
(a*, - a ) = 0.62 p. = 0.92 c Y
vj r max r 0
Thus on unloading the state of stress is given by = (1 - 0.92)c Y
and yielding on unloading will occur if c > 2.15. In practice c - 3 for 
most metals so reversed plastic flow will occur. This result was 
contradicted by Johnson (1968) in tests with cylinders but it was thought 
that the shape of the contacting surfaces influenced the result.
Studman and Field (1977) used Johnson’s suggestion that the residual
stresses after unloading could be obtained by subtracting the elastic
stress system of the applied pressure from the stresses calculated at 
maximum load. They calculated that at high loads (in comparison to the 
load for first plastic flow) unloading will generate high tensile 
circumferential stresses at the contact circle. It was found that indentation 
of a heat treated and tempered EN 44 B carbon steel at high loads produced 
radial cracks which continued to extend after load removal. This behaviour 
confirmed Johnson’s predictions.
In the indentation of PMMA similar behaviour was also found. A 
radial crack of the usual profile would form on sufficient load and on 
unloading such a crack would continue to grow, often to such an extent 
that catastrophic failure occurred. Studman and Field (1977) observed 
the continued growth of radial cracks over a period of 8 mins. and also 
over a period of a few days. In the present work almost all growth of the 
crack occurred during unloading and little occurred after complete removal 
of load. As the cracks were stable at the point of unloading then the 
unloading process must create conditions such that there is an increase
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in the stored elastic energy of the system available for crack propagation. 
This is in accordance with Johnson's predictions. After complete removal 
of the load the visco-elastic response of the polymer would allow stress- 
'relaxation and at increased time after unloading the energy available for 
crack growth would be expected to decrease. Thus the effect of reversal 
of the stress field during unloading of an indentation in a polymer would 
be expected to be dependent on the rate of unloading. This was found to 
be the case and crack growth on unloading was more pronounced at high rates 
of unloading.
6.4 Friction in the Indentation Process
The effect of friction on the indentation process and corrections for 
this have been considered at length in this thesis. This section is to 
consider the effect of some variables on the friction of polymers.
Shooter and Tabor (1952) suggested that the adhesion theory of 
friction developed by Bowden and Tabor (1964) could be applied. According 
to this theory friction is the force required to shear through the bulk of 
the junctions formed by strong adhesion between the sliding surfaces. Thus 
the force of friction (F) is related to the contact area (A) by
F = AS
where S is the shear strength of the bulk polymer.
The coefficient of friction (y) can be interpreted as the ratio of the 
shear strength of the polymer to the effective yield pressure of the 
polymer i.e.
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Other than this it is found that polymers do not obey the conventional
laws of friction. At light loads y is load dependent and y decreases as
the load increases. In this region the relationship F = k if1 is a good
first approximation, where "k" is a proportionality constant and "n" < 1,
F
Thus y = —  decreases as the load increases. At higher loads y is constant 
and almost independent of the size and shape of the surfaces.
Coulomb’s law which says that friction is independent of sliding 
speed is also not valid for polymers and there is a strong dependence of 
the force of friction on the sliding speed. McLaren and Tabor (1963) 
showed that in general the friction of polymers increases with speed, 
and then decreases again. This is due to the visco-elastic nature of 
polymers and over a moderate range of speeds the frictional behaviour 
simply reflects this.
For PMMA the values reported for friction co-efficients in the 
: literature are given in Table 6.1 and Graph 6.1 shows the variation of y 
with sliding speed (after McLaren and Tabor)
‘ Table 6.1
Polymer on Polymer on Steel on
polymer steel polymer ‘
0.8 0.5 , 0.45
(Shooter and Thomas 1949)
y = 0.58-0.64 
s
yk = 0.49-0.51
(Steijn 1967)
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Graph 6.1 Results of M^aren and Tabor (1963) showing dependence 
o f o n  sliding speed for various polymers.
From Graph 6.1 the variation of y with sliding speed for PMMA is 
small and for the purposes of friction corrections in indentation this 
will be neglected. For conditions of penetration with ball indenters 
the value of y can be taken as 0.45 and if the dead-zone underneath the 
indenter is considered to shear through the material then the value 
y = 0.8 is more appropriate. For further discussion of this see §3.1 ' 
and §4.5.3.
6.5 The Expanding Cavity Model .
6.5.1 Corrections to the PSM Model
In the PSM paper there were several assumptions made about the 
.indentation process which bear critical examination before the use of the 
theory. These are discussed below:
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(a) As mentioned in §3.2 the original PSM theory assumed that the 
cavity of radius'V* had been expanded from a spherical hole of
• 2  ci #
radius a = —  . This has been amended to a„ = 0 to make the theory
0 TT 0
more consistent with experimental evidence.
(b) PSM determined a c/a value from a plateau region in.the plot of
P., versus d/D where "d" is the residual indentation diameter. This 
is not a practically sensible idea since the parameter d/D becomes 
invalid as the penetration approaches one radius and this is the 
condition for which the theory was derived. The alternative para­
meter of 2h/D is used in this thesis as this retains its validity 
for values equal to and greater than one. The use of a residual 
indentation diameter is also unwise (as explained in §2.1.3) and 
all pressures have been determined from the in-situ indentation size. 
Marsh (1964) did not correct hardness values for elastic contraction 
but this is allowed for by the use of best-fit values of the constants 
employed in the results.
(c) PSM in their determination of c/a do not include the effect of 
friction. This is a major contributor to the.total load necessary 
for penetration and must be included to obtain a reliable value for 
c/a. Methods of correcting for this factor and the results obtained 
are described in Chapters 3 and 4.
(d) The pressures calculated from the in-situ indentation size are in 
error by some small percentage. All pressures calculated in this 
way are apparent and are based on the assumption that the surface 
remains plane and contact is made on all segments of the indenter.
In reality the phenomenon of piling-up occurs and contact is not made 
over the whole of the penetrated indenter. Thus the measured
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pressure is slightly less than the true contact pressure. This 
effect will only be important at small penetrations and at the 
penetrations where actual measurements are made it is likely to be 
negligible.
Nothwithstanding these minor•corrections the PSM theory predicts 
the indentation behaviour of polymers over a wide range of conditions.
6.5.2 Relevance and Applications of the PSM Model
\
The PSM model has been developed and tested in PMMA for three 
major reasons:.
i) The literature on the mechanical properties and fracture behaviour
of PMMA is probably more extensive than that of any other polymer.
Consequently the test material is very well characterized.
ii) The optical properties of PMMA are such that observations of
crack initiation and growth are possible.
iii) A theory developed for PMMA will be relevant to the technologically 
important group of materials known as"glassy polymers".
Thus PMMA is an excellent model material for the development of the PSM
theory.
Other materials that the PSM type of model appears to be applicable 
to are polystyrene (both normal and HIPS); ABS, Cement, Pottery and possibly 
some steels. Studman and Field (1976) found radial fracture in a heat- 
treated steel and although this may not be as time dependent as polymers 
the concept of delayed yield shows that steels are time dependent (Clark 
1954).
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Some possible applications of the model are listed below:
i) Quality control - the PSM model differs from most theories
about indentation in that it involves the rate of deformation.
It is a continuous indentation test as opposed to the static 
indentation tests normally used, in this way the test reveals 
the time dependent properties of the polymer.
ii) Determination of fracture characteristics of the material.
Puttick (1978a) has considered the fracture mechanics of a 
surface crack formed by indentation and has proposed that the 
size of the indentation at first fracture is a measure of the 
fracture properties. This was confirmed in irradiated PMMA 
(i.e. varying molecular weight) and the radius of the impression 
at fracture was related to the brittle fracture stress.
iii) Determination of orientation in the material'. Puttick (1978b)
showed that the penetration for fracture initiation in hot-drawn 
PMMA was a function of the degree of orientation present in the 
material. • This was ascribed to a strong decrease in the surface 
energy in the direction of draw. This concept is being developed 
at present (Puttick et al. 1979) for use in polystyrene injection 
mouldings and the load and direction of fracture appear to 
correlate with the degree and direction of orientation in the 
surface layer of the mouldings.
iv) Investigation of ductile-brittle transitions. Puttick (1979) 
and Yousif (1979) have shown that the indentation test can be 
used to determine size effects and ductile-brittle transitions 
in fracture.
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CHAPTER 7 SUMMARY AND CONCLUSIONS
This thesis has considered the various processes involved during 
indentation of PMMA under various loading conditions. The basic theory 
used is that of PSM which involves the model of expansion of a spherical 
cavity in a plastic/elastic medium with the effect of indenter 
configuration and penetration rate on the yield stress being included in 
the relevant equations.
The conclusions which can be drawn from the present work are:
(1) There is a need to include the effect of friction on the indenter 
for indentation of PMMA with both ball and cone indenters.
(2) A Hankins type of friction correction can be applied to ball indentation 
results to give a tentative value for c/a.
(3) Analysis of the fracture patterns for ball indenters gives an 
alternative estimate of c/a.
(4) The c/a values determined from both methods are in the range 1.8->2.0.
(5) The centre of the expanding cavity of the model is located at some 
distance below a ball indenter.
(6) Results over a 2 decade range of penetration rates show that the
variation of indentation pressure is as predicted by PSM and the c/a
value is approximately 1.9. There is a slight roll-off of the c/a 
value at high rates due to a variation in E/Y with penetration rate.
(7) Results over the range of ball sizes used show that the variation of
indentation pressure is as predicted by PSM and the c/a value is
approximately 1.9. There is a thickness effect which becomes important 
as the D/T ratio increases.
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(8) Deep punching with ball indenters is possible in PMMA and the 
variation with penetration rate is as noted above. In this 
case c/a - 1.7, the decrease in c/a is due to the D/T effect 
and the results also show a roll-off as penetration rate 
increases.
(9) Analysis of fracture patterns for cone indenters allows estimation 
of c/a values for various semi-angles. For a 20° cone c/a - 1.5 
and the centre of the cavity is located near the centre of gravity 
of the cone. A 60° cone forms a dead-zone under the indenter but 
consideration of the composite indenter (real + dead-zone) gives 
c/a - 1.6. The centre of the cavity is located near the centre of 
gravity of the composite indenter.
(10) Truncation of the cone indenter is an important factor in the initial 
stages of penetration but can be corrected for by consideration of 
the indenter geometry.
(11) The indentation pressure increases with penetration rate for all cone 
angles during Stage 1 penetration.
(12) The indentation pressure decreases with increasing cone angle for 
all penetration rates during Stage 1 penetration.
(13) A Hankins type friction correction was attempted for Stage 1 penetration 
but the different level of plastic strain imposed by each cone angle
is a major factor at this stage. Thus the results do not give an 
indentation pressure which is independent of cone angle. However the- 
friction corrected results for the 60° cone are close to the PSM 
predicted values for c/a =1.5.
- 171 -
(14) The contraction of the material onto the shank and associated 
frictional effects are important factors during Stage 3 
penetration. Theoretical predictions of this effect are in 
reasonable agreement with experimental results.
(15) The variation of indentation pressure with penetration rate 
and cone angle for Stage 3 is the same as for Stage 1 (although 
numerically higher).
(16) The Hankins type friction correction can be applied to the conical 
section during Stage 3 but the results are inflenced by the 
presence of the dead-zone. If the dead-zone is considered to be a 
rigid extension of the indenter then the results are similar to 
those for Stage 1 and are close to the PSM predictions.
(17) As the semi-angle of a wedge indenting-PMMA increases from 20° the 
deformation pattern undergoes a gradual transition from that of a 
complex plastic/elastic case to that of expansion of a cylindrical 
cavity and finally for a > 60° to that of indentation of an elastic 
solid. Due to this change in deformation mode the expanding cavity 
model is of limited use as it is the dominant mode only over a part 
of the range of wedge angles and even then other mechanisms affect 
the deformation. For the same reasons no attempt was made at 
friction correction for wedge indenters.:
(18) The indentation pressure increases with penetration rate for all 
wedge angles.
(19) The indentation pressure decreases with increasing wedge angle for 
all penetration rates.
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(20) The change in loading conditions from "open" to "closed" leads 
to an increase in indentation pressure due to an increase in 
hydrostatic pressure.
The results presented and discussed in this thesis show that the 
PSM theory, with suitable modifications, can be used to predict and to 
a certain extent understand the indentation processes in PMMA. I use 
the words "to a certain extent" because no research ever provides 100% 
answers, there are always further questions to be answered and I am still 
learning..
Robin Kent. 
September, 1979.
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APPENDIX 1 
E/Y Variation Effects
The data of Williams (1970) and Puttick, Smith and Miller (unpublished 
report and PSM) both reveal that the ratio of E/Y i.e. the effective yield 
strain, remains constant over a wide range of strain rates. However this 
is true only to a first approximation as both sets of data show a small 
but definite drop in E/Y as the strain rate increases.
From the ammended PSM theory and Hill (1950) the relation between c/a 
and E/Y is
Y = 2 
E 3
c
-3
A. 1
The deduced c/a value (Section 3.2) is 1.9 which gives an E/Y value of 
10.28. Now the E/Y value determined by PSM was approximately 40 but this 
value was derived from strains which are small compared to those generated 
in a typical ball indentation test. Hirst and Howse (1969) have also 
measured E/Y and found it to be 11.2, a value not too far removed from that 
obtained by consideration of c/a alone. In any case the above discussion 
is only to show that a c / a  value of 1.9 does not lead to gross inconsistencies 
in the E/Y value. .
However avoiding the temptation to put a value to E/Y and expressing 
the theory in terms of c/a retains the general validity, it is only 
necessary to know the variation of E/Y over the strain rates employed. PSM 
state that over the strain rates 10“5 to 10“2 the value E/Y decreases by 
14%.
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If E/Y decreases then from Equation A,1 c/a is bound to decrease 
and thus P' will also decrease. Thus as the penetration rate increases 
and strain rate increases there is a decrease in P^ which is predicted 
in the theory. In addition as the ball size decreases there should also 
be a concomitant decrease in the P^ value. The quantitites involved can 
only be estimated as the decrease in E/Y with strain rate is not a linear 
function, however some calculations will be made to give an order of 
magnitude evaluation.
For e increasing from 10“5 to 10"2 the value of E/Y decreases by 14%, 
thus c/a decreases by approximately 5%. For the 5 mm ball, 1.0 mm/min 
test the c/a value is 1.90 and this would decrease to 1.80 giving a 
predicted pressure decrease from 233 MN/m2 to 219 MN/m2 . This is quite 
a substantial decrease of 6.4% in the predicted pressure.
However the strain rate may not in fact vary by as much as above, 
if it is assumed that the mean strain rate in the plastic zone of the cavity 
is given by 0.2 (  ^ ^ a^or 19151) then it is possible to get an order 
of magnitude evaluation. Table A.1 gives the relevant values.
Table A.1 Strain. Rates Underneath Ball Indenters
a = 1.25 mm
V = 0 . 1  mm/min V = 1.0 mm/min V = 10,0 mm/min
•
e 2.67 x 10_lt 2,67 x 10“3 2.67 X ►-
1 o
1 N>
V = 1.0 mm/min
*
' • D =2.5 mm D = 5.0 mm D = 8 mm D = 10 mm
•
£ 2.67 x 10“ 3 1.34 x 10“3 8.35 X 10“4 6.68 x 10“ 4
- 1 7 5  -
From Table A,1 it can be seen that for the tests conducted with 
varying penetration rates, e increased by two orders of magnitude whereas 
for the tests conducted for varying indenter sizes e changed by less than 
one order of magnitude. On the basis of this the effect of any variation 
in E/Y would be much more noticeable in the results of Section 3.3 than 
in those of Section 3.4.
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APPENDIX 2
Analysis of Forces on a Cone Indenter
For a ball ended cone indenter there exist 3 components of .load, 
which can be summed to give the total load, these are:
A sphere of radius R requires an applied 
pressure Pg to indent the material and 
thus requires a load Wg where.
Ws = WR2 .PS
This Pg may be given from the ball radius and penetration rate and the PSM 
theory (with corrections for the c/a variation with E/Y and e). It is not 
proposed to put a value to. Pg or Wg due to the fact that the parameters are 
outside those for which the PSM theory has been proved valid. It is merely 
sufficient that there is a contribution of Wg due to the ball indenter
A cone of semi-angle a embedded to a depth 
h' (measured from contact point) produces a 
pressure P^, which would be thought to be 
. ' \ , constant for a given a and penetration rate.
\T
This P^ , is generated by a load W^ , where
Wq = Pc,7rr2 but r is given by
r = tan a(h + h )2 since truncation must be taken into account.e
V. Wn = P .7rtan2a(h + h. )2 .
L. L> 0
section
(2)
OC /
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(3) Friction on the cone faces will generate a frictional force F^ 
(MN/m?) where the frictional load,W„ is given by
Wp = A^.F^, ufliere is the surface area of the cone.
At this stage it is not proposed to include the load due to friction 
in the calculations but merely to note that it is present and does 
in fact contribute to the total load on the indenter.
Loads (1) and (2) can then be summed, assuming they are additive, 
to give a total load,
WT = W S + WC 
and this load gives a mean pressure of
WT
P^ =  --- —— ;----------  - truncation must still be included.
7Ttan2a(h+h ) 2 
e
Thus
W_ WS_______
^ irtan2a(h+h ) 2 ^
e
which is of the form
PM = A(h + h )“2 + B 
M e
From this result it would be expected that the pressure developed 
under a ball-ended cone indenter would decrease until the component 
A(h + h^)'"2 was negligible. The pressure at this stage would be equal to 
a friction uncorrected indentation pressure for the given cone angle and 
penetration rate.
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APPENDIX 3 
Stress Relaxation
This section is supplementary information and may be omitted on a 
first reading.
Many experiments conducted on the indentation response of polymers 
have used a loading cycle which involves the application of a load for a 
specific time interval. This type of test allows stress relaxation to 
occur beneath the indenter and the mean pressure is thus decreased. In 
order to attempt a correlation between this type of test and the load 
cycle used for the tests described herein (and also to gain information 
on the general process) a series of tests were carried out.
The indenter was loaded to a predetermined load and the cross-head 
was halted with the load being measured with respect to time. The cross­
head position was checked with an LVDT and found to be constant. These 
tests were carried out for 4 loads at 3 loading rates and with 2 ball 
sizes making 24 sets in all.
The Maxwell model of a spring and a dashpot in series can be used 
to describe the stress relaxation of a visco-elastic solid to a first 
approximation and consideration of the elements gives a relation of the 
form
, ' "^ A/T. a(t) = oQ exp
t - time from load application
a 0 - initial stress
T - relaxation time.
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In general, however, the real behaviour of polymers is not characterized 
by a single relaxation time but by a spectrum which is equivalent to a 
large number of elements of differing characteristics in parallel. Thus 
at constant strain the stress is given by
-tA/Tn •
a(t) = e I En exp 
n
where En , T^ are spring constant and relaxation time of the n ^  Maxwell
element. A relaxation time spectrum f(T)dT can then be defined for the
polymer which describes the distribution of elements with relaxation times.
"~^A/T
Experimental fits of the form cr(t) = crQexp were very poor, a
result which is not surprising. The polymer does not possess a single 
relaxation time but even if it did then the strain distribution underneath 
the indenter is too complex to actually allow the application of such a 
simple relation. Of the experimental fits tried a power law relation of 
the form
“b
P„(t) = At_ was the most accurate.M b
where A =v Intercept @ t = 1 s
tg = time elapsed since loading stopped
b = decay constant
•It is actually surprising that the time variable is tg rather than the time 
since loading was first applied (t^)* From the time loading is commenced 
the specimen is relaxing even as the strain is increasing thus there should 
exist a relaxation law from t. as well as form tQ. However the tA relaxation
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law is expected to be much more complicated, due to the changing strain 
field, than the tg relaxation law. In some sense this is a violation of 
Boltzmann’s Superposition law which requires that all the previous loading 
history be taken into account in the calculation of the response to a 
loading programme. Hillig (1975) found fits of the type
^  = (i + a t rb w(o) u  s'
where W(t) and W(0) are the load at times t and zero respectively .
These give good results for his tests but it was felt that the simple 
power law representation was accurate enough for the predictive nature 
of the tests conducted in this section.
Graph A.1 shows a typical fit achieved for a 3.2 mm ball, 1.0 mm/min 
test at 4 load values. The best fit lines enable predictions to be made 
within the range ± 1%. For this data and other tests the decay constant 
"b” was found to be similar for each load at a given cross-head speed 
but varies for ball size and cross-head speed. The value of the intercept 
A increases with the applied pressure and is approximately equal to the 
pressure P(tg) at the cessation of loading.
From the plots presented and the data available it is possible to 
predict the pressure developed under a given indenter at time f,tgM after 
the loading has been stopped. Table A,2 shows the results for each test.
- 181 -
Table A. 2 Relaxation Co-efficients
Cross head 
speed 
(mm/min)
3.2 mm 
A
ball
b
5.0 mm 
A
ball
b
289.35 0.0750 216.94 0.0537
0.1 320.94 0. 760 246.31 0.0605
355.69 0.0734 265.47 0.0641
412.84 0.0701 271.06 0.0634
266.84 0.0859 218.59 0.0680
1.0 317.26 0.0892 239.95 0.0698
348.09 0.0894 254.26 0.0747
389.88 0.0907 271.13 0.0758
261.80 0.0750 193.85 0.0646
10.0 289.41 0.0839 223.65 0.0676
308.04 0.0823 239.99 0.0685
333.70 0.0825 247.53 0.0751
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